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vaoAe

= {he objedkive I by :_\AssiF\/ problets by Havce Mol ace avlvable ¥ Lvcefnak
ace not

- deal: with $he Aefinibions sad poprics of mMmathemetital models of
LwMmpvrakridn .

— dhere are gevecal m oF wenputation that we will learn oot Within Hais
Mofj . Foc wxamyle ¢

* Cintheraukomation modet — vged in Fexr processing Laenpilecs, and
hacd \are An,sian.

1 ‘Zﬂn\vgx-\-_crg(. 3mw\w\nr"moke\ — Vvsed (n pmorammu‘tn l"‘\ﬁS and ardiCie e

ink\\\'gﬂ’\&-




Pack 1L Atemata gnd Lcmjvmios
Cna: le.gu\ne Langvagcs 1.1 Fiaite Avtomeata

Wwhal .gl A ‘Lompvraxiaanl

mw\c,\'y’.

What (s tne Finite avkomeakion ?

i_xamp\b B‘G awn\ Q\‘o&"'ﬂﬂb‘\’) r-\'ni"ﬁ

avkomation’

How does Hhis avtomalion
LW\:L) \AOr\C—?

Zxomere 7
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C y&3% %, ) ,whece,
1. isa Finile et caled +he sbates
z. iso Fiale Sek, called e alphabet
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= desiciles Hre transition Punction as a Mapping that beging With (~%a, has
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deCinition of « Cintre

- \\ftlb\jnhc" is aveeb vsed o desedbe a4 macvine’s relationship o a 'qﬂJVAJb.
(A“\O\ﬁﬁvws(«" ‘odne& gome speciCic sed of strings, vsvally defined 53 Some fvles)

* R mamine “relognizes a\anavaa(', iC ik Cacteprs” every element: of
¥ne \An%udﬂt sexr lava Lvu-j S*'r\'mj)_

- Let be 4 Linite aviormation and lek
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= The VWeree “o(x.ra\-h'ons on lanﬁuo\josuiugcd o S'hldx\j e pes Hies o€ Pne
ro_%J\a\r 1m\3 vaogs.
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= Wen 4 EA L deverministic Finike avvomaton) reads bne neat
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on & stake Hatk hes on an ik ak \east *wo bur Pp_gs'.\,\y more Lopies — one Haak S-l—mls a} $he worcend
acrow? Skake | and bnc Fa\\oww) tavn of the cxﬂ-inj Z=\abeled afrows,
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and
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s Corex iFa Lopy o€ 3 in bk +we next l-,jml.p\ is a

Phar wopy) dies Ft.fﬂ\ﬂﬂLY\‘\'\\{.

= DE A\l o€ Hre Lopies ¥ Hheic paths i€ any ene copy of +he Machine tads in Hne
atlepr Shave, Boen Hhe NEA aceeprs the inpur s*n'na'.
- Or\cwaud D ceason abovt)understund an NFA (< vo Hatny alovt a “hee” of

preeibilities ) wirh branches tefresponding o points ¥ whicw dne mathine hat

W \Hp\e Uhoices.
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1
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v
o - One LoPy remaining in Hre “>0ne wopy Fbllnm'r\jjdm. 2 arrow
weral ghate () ( mavh\a do skake )
0 0- Lopy o0 Stays ot (see ¥he stare diogram i€ sonfured)
. moves to
° Since Yvere is no feansibion acrow foc ) (xiﬁn:’ 1’3 ,+hc »py on statre now
1 i P Ius\-lfb- lae(-'uﬂ_;‘-h: 2Py o0 Splits L ofe ada ] s'\'“‘inj ot ¥ one Mwﬂﬁ +o
* Just Like befoce Hne ofy splits due tp +he £ t;d‘h'ho acrow.
4 ;’1 * The Lopy vn moves ‘o
1 - Copy on dies Sinee he eaiting arrou fur symbol 1
) L"FY o cesvlys in topies gn ) ,
v |
" Lo(q on Mmoves to
~
i (;vr\l v stays at
0— O *topyan G, Stays at “Copy on g dies
i L°Py on moves 4 . ("'f‘l oA Stays at

- Sinu akx-least 1 toey ended on an ateept thate (‘Lh‘) )y We can Sﬂ\\l -H,m_-\-
= By itioning o expertment e e . LU, ) = Tw 1 101EW | 21w (

actepts The svbstong

attepls all Sy Hhet Lonvain eitver oc || ade wlus'h‘a)



Whak is Hne. fondamtnta) diterae | The dransiton function

brween NFAs and TEAS? 2 \aa BDFA )4—\,«_ Froositon Cunttion baye o Stade & an fnput symbol as
¢ inpuk, and peodvces e news- stare ( D)

T \nan NFR | dhe keansition function dakes a Shate & aninpvt Symoo or #he
tonphy cheing as its inpvE and prodvces ¥re set of pasgible next Skaves !
Wk i< some fekvank nokalisn = Foc any set Q Wewrte PLQRY 4o be the power set o€ QR yMeaning Yhe

neded Lo define an NF A" oW cXion of o\\ possikle Svbsexs o€ Q
*for ex, if ,
= Coc o.n3 a\phalet 2 yWe write o be (Hne alphabet

AND (awser union aton ") +he q.mp\-\, 5.\.(\',,3

\Whav is the Cocenal definition

©an NFAT A nondedesminishic Ginite aromarpn 1% @ 5-"\"uple,
¢ Y= 93 o) ) ywhece

1. isa Pinile cet of states

. iso Fiole alphalboet

>. i

is the dransition fuaction
4. is +he & Fact sShave,
5. 1s the Seb o aceept shates,
Whakis He meum‘nj W e - , where & dakes an Toput of +he cactesian et of

dransition Cungtion’ oll poscible tombos o6 ctates (0.) and  iaper symbols plvs Hne empry .S-M‘(\j ( ))

6nd Pl‘D&“utS ‘Fhl power setx of @ l-\\LA!\ +he ek ot al\ ?NSILk next Shates,
\Ahar is Hae Loconal deseaelian

o< ki = N, = (.Q,SI,SJ‘L”F),W"\U‘C

1:0=%¢,,%, 2,141

2. i-,— 20,13

25 s given as

o) 1 g

1 (123 1,03 1)
% |$4s% ) 1433
Vs QJ %‘Lug
o [ 1943 19,3 ®

y

"9, is e stack srak | 4and
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Whay i Hne focona) deioion: | >

Let be an NFA  and o be a ¢ring
0 Hhe Lompvtakipn o an oVer e ol phalek
N&EAT (we can weive o ay ,uhert eadn \ is &
nemier o€ )
Thbﬁ)vdl say et i€ a Sequone of States
exigrs in (0 with Hhe Gol\-w:nj 3 wenditivas:
1.
2 , or ,and
3,
Whasr- dpee Hhe Londiiton 2. = Thar whea Pne NFA N g in state and ceads e input s\’mbn\
Srerement mean’ (8 e ek symiool aBtec Hae ek Cavsed 1 dolein 1) ) Fne thate
AS ovw of Pt allowable next slades
NFEAs vecsus DFEAS
What does & nean Cor dwd - \¢ Hney Cecogaize Yre Some Languge.
Machices o be “eqoiva\u\'\t'! - i‘/t"" NEA hos an cquiveleny DEA. — Proven Hneorem

Whar ;5 e ﬂ-\ﬂr\"\'bhs\r\\'p etween [ Pn NEA is (ike o Cancier version of o OFA - However, NFAs are aok alde 4o recognite
NCRe ond DFAC? a larger A\ess[¢vopefset o languaqes than DFAs (Surprisingly).
= DFAS and NFAs recognie e Same class of langges.
= Sy NER con be converted vk on equivalent DEA = and wnshucing NFA¢
is Usvally coster Yan direckly onstaering NFAs.
" Descrtiing an NFA far 4 gven \angoage Lo boc easier Yamn desuibing & VPR For .
- The cquivalent DEA Mmaw \have Moty more Stades — i€ an NEA has Stoes,
Hen it hag Svbsetg 3F Stovwes .
* The ©FR simu'lq-\-tna% NEA Wil Mus havwg States.
What dees Hhnig Hvearem mean = B 1«:\3\".\%_ is fegulac i€ and oaly i€ Phece exista some NFA thot fetognites

Coc fegulac languaqts? i,




Convodinc\ an NFA invo a DFA
—

WWerk Wil e Mae Saves o our
©FA 7

Q% govow do we nL.\‘VA\\j ureare

e equivateny DR 7

— Exam ple NEA

S e \«nsvn\?_ Prax n.uosnnt: Ly Y= %\»\\ whos & A in e second - Fo-
lest position 3
2 ler represent Hoe NF4 abow.
= \ex Rpsent tne BEA Hhak we Wik itk Som .
= RELML ek M dransifion Cvackon Fu un NFA chuns Some subset of Q (akatome
SVbseh oF stakes) . The wrtrat encagtolare every possible subtok ot Qs Pa).
= The Shakes of ouc BEA 1 will be AW oF +he elements of PLA)!

“e.9. coth stute oF M repretents one subsed aG Hae States of

- WOrKS by w«ma cadn oF tts stotes represont Hhe Stades Hnax “have a um" of He NFA.

* for ek, ik we un and N ba Mne same inpst | iF at seme point 18 shate v .

then at dae exack same point Cuftntly hay copies in Sates and
L Moxe alith of all of e DEA 'y Srares 3 €:gq- AN e Subters ofF e sel ofStotes

in
Z: Make Yne shuck stare of your PR e same as e thack stake & e NFA,

T Coc vne et grare () B of NPA N mack (.vu-:] shate o€ M whion wokainrs K in ik

5\\\.;(:4\-;‘.: aa M.M_Pl- shatre of

(&'L“Vs'- U 8 the alept strate of ).

Draw the oviline o 'S Stake o\inﬁrnm , ind.iuv\'lnj Shact ¥ aceefy stanes,

-0 © ©® ©®




5. For skatec o€ 1 wiide acn equivalent to statesin N (aven tobsers” of sine 1) :
° For ecohn prssible inpud s“p\ho\ ,druw 0We accow \Eav?na e ghralke 3 re.&ﬂirﬂ 40
s grave dingmen \e Squre oot where Brey dnoold poiat,
>  Nondeteministic Topr: i€ foc ingor syvbol €, the stabe has xatmy one arrow xiMing
Lin W) —ava novnieg NFA -pecvliae is \,.u“x.nrna— sy Haen duplicde Hhe drunsibon
acrow onkp o d¥ate e!.fo:lrnm.

*Forer in y G hes Loacrow Fur sybol "O° and g, has 1 acow For by sylnls
0

2

o3
- —_
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Whak ig o equlos meﬂs-s(on".

Ixomple of o Ceaiar onpression’

What ig jmplietly presaat in ¥iis

exrpression?

What is enotlhec ex o€ 4
requiac expression’?

How can we vse fox

(equloc ¢ pression Snosthand?

3 1.3 Regvlar Ixprusions

= t3pressions dos:.ribirzj \a(\avaacs‘.
= ANDALDGY: la acibhmeric, we ve operations (ke + and - ) o build up
APCRsEioNS WWose valve, Lquote o Avenleecs
(53D =Y = 32
* Tna Moders p& Wmp, We can L,ui\A\ Opressivng — OV o€ the regvlar opecatisns ~
whose valves tavate 4u “"‘ﬁ"""i"‘-
(o v 1) ot
= 0" and "L" 4t shierinand P Fhe sers $0% and 113
* So e expeession "0 U 1" alone  fesvide  the laagage LO;LE
TRGLALL AT9 goed badT ) B G boy,qinld )
> "0*” fhen means OEF ,and ks valve IS the 1angvage wasiting of .\\sh‘eas
Wtaining pny pumbec of Os¢ (inu\qauna £)
s RLCALL "Worws by a\"r«u\niv:j any NUMber of  shcings in 7 Hoqetnec
+D°d— o s—\-r'\n_:) W0 M et lm&va,‘ "
—The concatenation Symbot, ©
= Josk tike how Bne mubkiplication symbsl ¥ i vsually implich Tn acimetic Qxpessions,
copecially Wit parorbescs.
TSo (0 VL) O is actvally sxtnend S (D0 L) e OF
*RicaLu
¢ aktacnes dne sheings from dne 2L packs L 10,13and 107" siarat
possible ways — Hais forms e valve & Hie gatice expessio
= Thus, we tan deserle e eapression (0 U 1) OF 4c e laﬂavd\am of all
Steings vnat
* stacy it a D or o 1

Poceed v Lontain aay nvekee of Q¢ (o none)
* forex, 10% Jﬁ_i-%, 100003, {1003
= (0 v1)* = 50,23% =14 leaquage consis Hing of all passible
Skrings o€ Gny avever o€ 0s ansk 1
- i€ & (Hhe alphober of o given machine) 1s 30,13 , Foc ex,Hhen e can
Wite % s s\Vorthand Fos Hae  expeession (o v1)
= Mo qeneily, for any alphaker 3, | Hhe regulor enpecssion & deguribes He
lem%unqe Lonsis\-inj « al shngs of length 1 over Hnar alpha bet.
. 2:‘ desecils Hne languade o6 all sr\ﬁlﬂ: L€ any Tength) over Hnat alphnbet.

s Loc ex, HY 2: ﬁ_o)‘.l_'i’ 2* Lontming 10)1)01) 1011, DO)LODL'L, Z




What 15 Bne oeder bF
(-Qj‘ula( opcrq\—-'dnsr!

Whet 1s ¥ae  Cormod
deCiniMon oC a ceqular

LR PSS on1

WAk i +ine &iFecenie ockween
and P

Whatis the @laxe onsW3p

\berreen \’eﬂq\nr tK\'Pf'LSsi ons

o Finite avtomata !

More extamples o€ (&:Tt\au‘

X passl ons?

= Soy Hnat

* We W rite

= The ex pression

Precedence i

fecognites e lomj vage it desribes, and Vice versa:

= Theocem 1.

= Yaess pacenteses changqe tvie veval order , Hie acder oF ofecatiin

3

1) stoc opecation (1)

2) woacarenakion (- )

D aien peecation (V)

™ Similac v PENDAS with artnoetic .

1S a resvlo\r U\P(‘t,s&'uﬂ s is

1o Poc some 2 in Phe alplnlet

, Where and ace rc\n’u\ar OPresiions
, where and ofe r:au\ar Okfﬂ'é!n'bf\i | DR

lewrt. I requler 2xpession,

4o e +he lcm-\‘vaﬂg, Aesurilocd by Hae reqviar exprssion

represents o langvaqe Lor\*‘ﬂ\iniwj a simle sﬁnj—nnmly)

+he Lmpty Skring

T The expression QS feprosents a lunguagqe trak doent tontain any haings.
™ The two are equivalent in e desirphive pover

. A-ma FeqUlar xpression can be nverked into a finite avtomaten Hhat

S R \=ngvage is reavlqr i€ anel only i Huete oists Svmy,
rasv\aw enpression ok Jestriles (-

- prssvm'-ma_ S = $1,0% 5

(s

R LLR)
D"; 1. O* SL W | W contains exackly pne 1 EY
i* S{8 2" i W| w ceatrains ot lecst ore 13
1% (011*)* Sw|evey 0 inwis Galloved Ly ok least

brne 1%

SL""[ w \hWad an even lens.u,.i

(Gueg)(LVs) $01,0, 1,£3




Pack L: Rdtomota and Lanjunejcs

Un2:Requlac Langvages 1.4 Noacegular Langueqes
~J ~J ~

What is a noncequlac

\ma\» A:‘Lq‘

HW do ‘fw prove Hray A\aﬂava—

is fonceqlac T

Whet is Hne pYM P\f\a Leniva?

Whask dets i+ meaa Pak a
\Gﬂsuaay. Con be “Pv«\‘x_c\ "?

WWat ig kne formal Pmpiog

lemma Pnescem 7

- A-lu(\auua(, that canavd be RLOAMUA oy any Fiatle avromabon.
= Focexample, bne \enquese
pP={30"[L" l(\}_O%
is ifcequial hecavse Hie wintnire Seevns 4o Need to romemboer /Lwn-\- lhow
many  Os have been seen s» F-\r, as ik reads Hae input.

* Sine Mie no oF Qs isnt limited | te madnine will hot Yo lecep brack, of
an un\Smited no. of posscloiliiey ,wv\;c\n b cand v bl it downy
have onbovaded memary \

> e are 2 techniques :
<) Fw\?hj ceds
b)Y tne pumpionn \emmo
= D Haescom Prck skares dack ol re,%uln( \g.njva:‘u Lonkain o Seela)
prv\x-ﬂ-xl R
Haay all ghags o et languaqe LN be ¢ pum?eo\" ie -Hm_j are oy
leask et \ong a3 & Leriain spedal valve called Hae  pumping lcna-\-ln.
= (€ we can Snow Ynak o \anquage Aves not have Hais properky bhen e con
dacvantes | prove Ynak it 18 oot ceqlac.
= That cadn s\-rinj in Hhe lang  contedns a secion VWit Cun bt repeated
NW} nwnker of Eimes, Wit dhe msvl-\-h\j s—\-ﬁaj rf.ma\‘m‘nj o et

Lom‘avﬂu\\—ldewx\-\' SF Pnay ‘”—“ﬂ“"ﬂ" .

- if is a (zau\ar \"m:iw:\" aen Fhece iS a Nnumber o (Hne
p\)m‘mrﬁ \C“G{—\,\\ ua\/sm) K~ any 9\—(\‘03 in of \mak—b\
hen may be Aivided inko 3 ples |

)

1. Boc eath

while .sq)ﬁsF’ina Mre F—o\\wuins ndidions |

)

and



\N“i\’ 25 WAaY s thne Pva\‘ﬁJ

lewvwna  acku r«\\\{ 50\&\7\37.

= Leds churn b the DEA M, s an txample :

M, 1

() a The rgﬁulw \emﬂm\ag,
ﬂ 1L /—D—\, A: T w|w wavain o least
I oM L Gak an even wetnr oC Os
r\—o:_/ follows +he lask 1.8
)

is recognied Ly M,

= \€ we asst 9n e v pVMP:“J \ena\r\«" = 4he no. o¢ States in M1: 3 R

then e aow Hnak Hne lenqHin »€ the "sequence of states” Pnak M, passes

Mavglh whiley ma.&injo. string of \engtn (%) Wl ke

0 betavse
We Alss consider the stack State (befor Hae Ficst symbol is read) 1

= And thos, i€ M, oly has B geaves ok passes \Mmuah U uwnile ruxd\'nj
((whiere ) yPacn Mol nwst mean that the Seqwence conkaing o Tepeated state

* For ex, Yhe Shring 101 (whicmis acLiped by Mﬂ-)

Lot v
lq"'l 2 3 2

)
Hhis 15 Hhe Sequence of states ) of length 4. state %, N_quk&_

= For e sp\i\-\-Tnj o€ S inYyo Wbskrings , We led equal Pre S«tm\w

o€ ia put symbolg ot Fakes e machine fom dne share back 4o tak stave .

" NOTE ©as long as W lemmt wodiHons are sakisfied (aka Haar

)it
ARSNY waHer how 1onq eatin o

)
, & 2 oare — ey don't have 1o ke of even
\l@“ﬁ ,ond cither or ay have & \m:]UA o 0.

= fors= 1.0 1, weleh ) Since ek $obstring kaves M, fom § boov 40 ¢,
° Baon

and (nu-\-v\rmj\

= 14 dhis ex ample, We Can  (readte new S\-r\'nls rp_‘x_q_l_—mj pockion y G many

Bemes ag we wank , 603 Wrose Shrings will SHU be aciepred bj ™M, |
L@C{z—\-'\vt\y dwesn't move Hie machine at all Lbrinas ¥ bace +o where s-\-wh&))

wWan is Why we tan repent ik endlessly. See wndition 1.0
1D\o\O\DIO) Vi

Loro v/
1 w (x{z,a\m xz )
(Notes) - doesn'y have Lp ke Yae R of stales (i€ given a DFR) ;Hray was joston ex,
—

'} Jost those Yo moee it levg¥a £ in s example.




How do we vee +hne

pumpir\3 lemma Yo
prove ot o \dnjvo\:\(,
i r\onre.av\av'.’

\Whak 3¢ bne Significante

o€ e pump\'nj lemme T

- A SUNMNATY

= AW we have o Ao is Find jost one S'\—dng (which s accepted by ) For whicw
one t¢ Hhe 3 lemmo, conditions isnw) savis Fied .

- To prove ¥aak « lanquage [ is nonfﬂular:

1. Ficotl asswme Hhaat is re-iv\qr,\'n orde Lo dotain a wntradickion.

1. Vst ¥ne P‘m\‘oml e Lo “juafl—n\-ee.” e exittenze ° & uonpin
lengtin VW Haak G\ 5-\-n'n3§ n of lenakhh > P can e "fom{sul'f
Lloasically syave ¥als Calse quacanyee 5o Haat Yo Canhen Lontadicr

iv),
2,

Find A speufic S\—dnj in Where

Dempasteare that § Canaot be punped Lj (_on.s‘-o\w\'nj al\ ways »f
(kw—\&“\\" inve 2,y and

) ortdnat canoot be pumped.

(\'q\uni wnd- D o€ +he P‘”"‘?i"J lemma inky
atcoont i€ onvenient)
5. For 2o o0 J('\/N-SL“PD"U(\\"G.\ s divisians, £ind & valve svon Haat

= That it @o prove Some \“"3"“3“ o be npn(a\l)\)lo\r —tharis, Hhat we have

Covad @ Pmb\tm LNV canagr be SD\ved L\j anr a\ﬁvn‘-l-hm t

CRALRW e M0ain question het Hhis (ovrse Seckes bo ansiee (P b/

Eiey €4 of notes )

o€ Chopter 1 —

= 2 AiGCerent yBnovan u\\-\'m:-.k,\\/ c,ctlu:vq\t.n\- in Hieir Seope | mevhads oF

Aesuf'\\oing \ans\umy,g lwadre spe,d\:\'u\\y) t‘ca\,lge ‘““3"“3"’\ H
1. Finive avbomara — DFEAS and NFA s

1. uaolae ixpcvssi ons

= Whnile Moy \a.n-\‘va.lu tan be desuibed with Yhese, Lome simple vacs Cannod!

*Corex, L0"L" lnx 03

= For evorj NERA +thece existe an uv,:va\m oA




COMP WS -bp L

Dyt Comar
Nue V—‘e,\orvar\/ 2 ,202M Homework. 1.
(i

&).2.2.2 USs USs Ve

) ,* 0oo & Loca 75 (00) - & ]

) 1* (Coot) 1))’

L. 2=123%  Desucibe o DFA bat recoinus A= LY [k 35 amikipresf 33

Led M, = ﬁ,Q)S)S)‘Ll)F 3)\:\\\0&\’(’
1. Q = C‘LL\ )111.)1,3% )

2.2 =94%
3. § is described as
| 4

i La

L s

s 120
4. 9 1 is Hae stact stake | and
S- F = iq)i%

State biaﬁr«m o€ M4 °
- ®— )

Ixample s o€ accepted inputs -
% T —- aka 1°,msSuMTna+W’d‘ Oek i’i'—i
§111% $£113
511141313 111113

Qxamples 1§ rcjl.cRJ inputs :




Hw 1

3. Let NL: i@li)%_‘@i)Fg )w‘nere.
1.R2=%9,,4,5% State Dra\gmm of Nyt
Z. 4= 90,1 3%
2. % i aiwr\(ks

| O 1 N ﬁ
%yl 10,3 19,,4.% '&L’

1,1 0 7

Ho 4 5 is-ve stoct Shote, and
5:F=%9,.%

s N:L sakisCies e yules o\e,i-':'m'nﬁ an NFA beravse o+ wntains a stade wikly, sevecal U«H-\'nj atrows £ye
hoinpor symbol (4,,) ) as Wil ag & s\ake With np extt acows fr each symbol (a,).
* We an deserile Hne lanquaqe A felognized by Na , LLN:L):A) as
A= % w| w doesnt ontain any zeroes E3 ,whece W isa s-l-rirD o€ inpu},
N, Legios 1o Hne aceph skate and remains Hoere vokil ik veads « zerd ) meaniog Pt it will ceeept o
Stadng wontaining any no. € Ls jas well 4g e zme‘-\, shving.
~ Rs<oonas Ny reads a O, ir pecmanently leaves e atiept shkude ¢, | sinee Prece are no dransition arcows

txi-\—irﬁ "b:.- ﬂ'ws)w(— see that N1 will au.zp*-an)' s-kfrj Mt (s eitvier cmph) or a0tk SD\c\\’ oF le.

*We can peove Yat tae Collow Tos) Skaemeny
"iE Mg o DFA Sar ﬂ‘-waﬂ\"w a 1Af\3Mj¢ R, hen swqu\'ﬂj Hoe accept srates

of M withh Jne non-acceph states of M cesolvs ina DFA M Mt rcwar\i-bes _A—

Wwill aor otd drve i€ 3% were if\s\cno\'h\lk\'nj abovt NFA ‘oj imaﬂ?n\‘nb Me NFA N,‘_ )u\m'dn swaps +ne Aucpl-
)

aoh qen-acceph Sreles of Ny yand Hhea vainj Paar N 2 does not "'-‘“3“‘“ R

N,L Stare d:«aram‘.
N, = iQ,i\)ﬁ)%i, r %Juhm

AL LQ= ie,0.3
o Z. 4= 30,1 %
3. " o 1
% ‘s ﬂ\v:r\ s by i”z} i‘bl,‘t,}

6 P

T

Ho 4, s 4ne shuct Shode, and

F = %49, %

wm



Rw 1
* e language R viovld hen represents ol shangs which are nok in A which we can deserike a3
R T 9 w|w tonkains ok leask one O
1 ‘\u_ur&inj Yo pege 3L CCh 1.1) o€ “latroduehion +o tne Thesry of (ompvhadion” @ machine M
always recognizes »ply 1 lanquaqe R, and Bner dhis \aﬂjum](, B is the seb o€ all shrngs Hhat ™M
ac.u,e\-s\
* Thecefore , we thn prove Hnar N does not atiept [\ 5‘3 3rnd:nj ar least one s{-n‘r:J actepted by N, which is
no% g tlemeny W& P
“lek erdng 8= L1 acicdiog do e deCioiking, § R (and s € A) . Runnin
e stdng s on N, [ we see Yhar N, does accept s, There€oce, Hre mathine N,
)\n\h‘\z)n 13 & swaprd —shkake ixerckion d& “1 , does not accepdr Bine \cmavm]o A.
T The thumple NFA N, peoves Brot Phe previoss  Statement reqarding BDFAS does not
‘ol deve Cor NFRAg,



B, Provednay b= 10%* j_;' l L 20 2 s nonceay \ar . f= GLDJIZ

Led R=9 OL‘L | l L 102 e vge e P\m\‘)inj lemma ‘o prove Haat A i nov re\c)\)lur.
This ‘}moc s \9\3 contadic on.
Assvme o Hre Lon-\-mr\j Hak A i eqilac B sarisfie -HE, pum ey lemma. Let p Le'HnLPvmpfnj
lengrin given oy e lepme . Choose s +0 e dine S\-n‘nj 0°¢ le-
(€ welet p=H | 5= DOOOOODOLL A4 . Therfure, we koo that S is amemier of A | and thak
S \nas ¢ \engin greadec Hran p. ﬂN—p\,mP(nJ temma Hnen guarantecs dhak S an be splikinys 3
plues | 5= xyz, sp.kisC.Iq,\j He 3 wnditions of o lemma . Ne considie 3 cases o ghow ok Jhis
fesu\k 1s impogsible.
1. The s-\—dnﬂ Y consists o€ oniy Ds, Foc example, lex p=3 !
s= o1 = poooooul
No martee Wit p is i€ y TS Some number o€ Ds, Hhen e String X\jiL will have mace than Hwice
the amovnkr 66 Ds Hhhen Ls Gadk $2 it Nok o meomlec of A yviclaring tenditien 1 £ +he
Qe PTeY \emma . TiS Lase I8 o Londmdickion.

e Cor e*);c y= o XY\{\IZ = 0DObooOOOM , and xyyyz 4—‘R

)
2. The S—l—dna Y wOsisrs on\\/ o€ 1s . TWis caze aso 33\,@: & Lontandickion because, XniL
will iave moce 1 Haan Os. l\o\d'rlr-\'onn\\y , ndivien 3 (Maat lel é_P) will Q\so be violared

&M\!s&, S‘\‘ﬁl\ss Wil alwoays bt,&in with '2_,3 Ds¢. For (_x;
slek pz B s ST 000OODIN e o ow 3=“l"77‘: "11" and x="00D000"  then

\XY\ =" ywhich is qeater Han 3,
2. The S-\-n‘nj v Lonsists o€ ok Ds and 1o, This cage is ;mmgdia-\{,‘y impossilde us * vidlates
wndition 3. The First L in s= 0** 1% dwsek owene voKl 2 p SymBols have been

Rad. Vo include both D¢ & 1sin \, e leﬁa\-\n o 1\1 must be 6} \eash 2_P+j_ |

T™us okrmnditkion is vnaveidable i€ we make e assumphion +hat AT chv\af) so B is

noYx raj Jlac.



Quie L

N o o 0,4
MT : (l — (@] 4.
AR 2 N2 i G
~
1l Areeery § beyes

MZo (‘i'DD‘:L )ci/)) c':iﬂbﬁl,)‘i/'),3

bt
—e 1, (%,9,) (
UL by ColJa
MQ/

% (Ce,a,),00=(C % (g0 )%LL%.,D))
W3- T %
@)= T
(2, 2))
1_\ D)
g((%,%,))iJ: (%J_Lq,i} )Sz(i,,l))
S la ,0) =9, @ b

é)_(q_”_)'o):%) T

O
\9 Loo, 11

0,1

iEEE R

1 = o1 0,1 -
TV @ —OSE)

> M,,} ravad Vacig? txacyly wiua Gt M, ¢ M?.. Wwovld geeept

= s iMmJ\avres ol (\/\\ ank M,
T oueea In®Y,  simulare vt ;r\Au‘ved\)m\){ — vt wa'y \‘m’\’f’\o\%‘i“\rc"
Foc eat\n LP‘)(L_)L Q  condk tann 6\.62 , et

5 ((0,00,0) = (5 ia), S, 1y 1))

1/5 < (’al’\ nq"l/)



Pact L: Rdromoata gnd Lanjvae“os

L2 ¢ (ontext-Free Lagqgs

What ace eoate b= Cree

ﬁ(n\w\md\rs 7

What- are same applications ¢

wonkext--Eree, grmmars (P

Waat are " conrest ~frea

\qns\) 5194" ?

What are PYsndewn avtomaly 7

What does o arqmmo\r

Consicr o ¢

What ace e ey terms that
desccibe Mg comporents of o

Sfaw\m ac 1

2.1 Context-Free (rammacs

= B moce panedl mebyod, For J.eaun'lafnj lan W\Jcs (Hnan Finite aytomara or
requlac txpressiang)

= an desocibe erbain Peaties that have a rewrsive stueture.

™ Sieilac ko ceqular taprssisns inHat4hey basically denote a et oF Vrules” that o

Sl'(\'nﬂ WS esaCerm Yo in srdec ko be pack oF Hat spv_dcn'z.ommmaf's lqndvnac,.
= e 5\""*‘3 oF Nvman \Anjvaacs

= \n Hne spedi®icakion & compilation o€ P"’G“MM‘-M(\ [mavna}.&.

= The collecon o€ lanayagus associated wikh wakext - Pece arammacs.
< v s

— lacwdes al\ ('g_aq\A( lanavo.az,s, os well as many addibional lqnaw;je.s.

- Pc\amﬂvoﬂ:,is LAYexr-Free i€ Hrere exists same CF (oot 3&v~em\es it
= Kk Qass of Mathines whida rcc,o\usniu, +he CFL.s.,

= N oleckion 26 Subskilubion rules | alss known as "rmdvo\-'-on:"

= e ML qppears as o \ine in Hae Sr‘n\mmmr +hak is Lompﬂ'sw\ o
A S\am\jb\ — a variable = on He |Gt slde and a sLn'nJ of Variables and
obner Symbols — Koown a3 terminals — on Fne right side JSCParAkJ 13 an afoon.

) Lets use Hre gxample 8€ the gratmmar

1. dhe cubstiludion rules? Hae lines [sbarements of +his larn
L e voriables | oflen represenied bj copital ledhers (AR on  Hae 1efF side o€
gaon Cile.
5 The Stack vaciable @ one 6€ Hhevarables i dr_sianu-\-go\ 6y Hae "skack vanable” jand is
e eay one Pnol  you Write down When 3""""’"\""3 as-l-n'nJ of ¥ne lmau.\y,_
* by wonvention, the stact var uqu“\{ ocers on Hie LeFr side oF tne topmost rule.
q'“\c Yeceninolg |

Pma\oaws tothe inpui- q\thke\- (\ike in Finite avkomata) —basica\\y
Fne sek oF gyonbols auk oF Wi Hae grammar’s shings are :fxm—n‘k.cl 2

* oCven rtemsm-k-d hj lowercase leHters, numbers | and Jor special s&v&bols.



\*\ON can wWe V<R o Smmmar

- %3 gunerating each Sheing o Hho language, jin +hne Folloutng Manaer
‘o desocile a lanavnae_?

L\ ke down e shack vadable (WA i€ bne variablt ondne el side of
e Cicsd rule

, unless Skared ohherwwise )

A

L+ Onovse vre of Hne vadolales Hhat is weitten dawn (ke f  whion wejus\-

down') | and Find & (ole Baak stocks itk that Vadalle .

poivts Yo |

QLp\m_o Mg WAarkn-down Variable Wit bae S\'n'nj Hak < accow
)

A~ OAL

3 Regear siep 2 vnk) no vardables remain (ava Ypur “vrivten dovd ciring

wneiske nn\\l of berminals).
Whak is o “decivarisa' !

= The Sec(uu\u. of svbskitvhong Vsed Ao Sm«n\-c As-l-ﬁr:) n L)
Y;xo\mp\e—{

Wheat ic o pacte dcee 7

i,'xo\mp\.t.q.

Whak dees L&) denste”

= Foc example | & derivation of sheing

in ammmnr g
L

A = 0AL = A1l => 000ALLL = 0006 111 = QOO 1Lt

)
inal D of these yWe vsed rule L ¥o replace

l
used vule 2 vsed rile 3 do nplace
CRY AT bk COALY ::\:".f;:f A1 "B wikk g
— \Ne can Soy -l-\,\a\\-“-\-hg_ Gronnmar

1t.n<.ro.¥4u Hre anj "
- N Ai-\amm Hhatr illvshodes Now o s-\-rinj jr.{-s jf-nbf‘n"'tﬂ‘

= A picrortm way ko cepresant the same 0o as o decivarion.
T T pacse bree Cor in qEmmar

A

\
A

A
A

B
|

oo o % 21t

- ‘Th(_ lqr\svkj(, & o orawnnm e [

= A s-\-(imss Hnat Lan be serecoied vs?mj 0 decivakion or pacsetree of a

Jrammac (G, onstitvie fwne \Mavkag o€ +ne qrammar

* ReALy: a “\unsumlc“ 38 o sy oF 54'ﬂ‘r\3§
-ﬂ

T>To0: wpy Aown eng\ \anva:lv txamplo beits tool

2
ey down "ompiler” example From leckirnotee fos



AW ar abloceviarion s vied

in dae ¢obghhution rules

Exmmp\e o Une S\aw\\ml?

\N\I\o\\— {5 Yng, Formal d&g\m‘\‘\m
?

o o Lon¥exk~ Cree T\mmar s

\WWhar Aveg I‘\t;g,\A,s“ mean

in CF o1

What does " desives’ mean in
c/=(9 s 7

\What iy bhe notation Yo

desectlon Yag \anguaab of

& qrammac 7

= The S\am!ao\ ;Whion regresents an or
= We vse ik do abbroviate Several rules Mgk Waye Hae Same
1e€r and Vad able jinto one \ine.
- Con be
c1\\2vn\u\-l-ly A= OALIB

written ag

A con\-e*\-—-?ra.srnmmo\r isa H~Yu ple C ) , \)wherc.
1.V is a Finite st called the vaciabiey
.2 isa Giniwe sex, disfoint Fom V) Calied e tecminale
3. is & Cinite ser of rules, Wwikh cath wle eingia variolle
and

ond a S-\-rinj € vacriables ¥ berminals |

4. is e Srack vadabke.

—> Denotes a wonversisn U'—u\\owi'nj AWe pabh) Where one e Mare variabless (oavecked
inkp Hne S-\—rinj ok ik acrow poiars Yo,
- £

) ﬂY\A

, ace Sdcings Lof o vetables ¥ terminals)  and

1S a O\ oF Line Jrammac , we say Hhat why 35:.\6.5 uw v
cwirivten as VAv S wwy

T wita Caiade” ik TNt nesessacy For Hhe ‘yieldd! ching o wnsist
on\7 o Yerminals.

*
(wetten as W=DV ) if eitvec

- \NL con Saw e derives

0 u= , of

L) There taishg Some Sequente Cac and,
- sL w € 2* ‘ S Zpw g
= \o«s\'c«\l\/ saying. - e sex of all sheings Sven Yhat

. s made vp of any numleur [Lombo o Hae seb of et minalg

* There exists some decivakion Hav Lv.Jins ot Yhe Skark vamable and

erorns



Pow do conkexy - Fae ammmars

celaye Y b canputes vajrm\h?’j’.

Whet is an am\oisvoos

grammar ?

\N‘Ma et decivakions
indicare am\.iavi\—r 7

Whok ace e imp\i carions of

am\oisuws smw\mar; 1

Exampit oF 4o qms'\awus

smN\M ar ’.’

= [ tompiler banslates tode wrikten fn a prog. language inko
aqobner Forer Phatis mixe Suitable For teavtion (like in Java whhere .\i.vq
Eec ace wmpiled inko class Gles o€ bytewde \made vp o€ O3 and 1:)
T To Ao this bae Compiler vees o protess alled Pars‘ms 1o exkack
e meaaing 0C e wede.

* One baaqible representakion of Hnis me uminj is bo view ¥Wae P
\anavu'&o 8% Whowing o venkecr - Lt gemmmac % u:ns'\&m'n:) the
pacse heee For Pne wode !

- Rk grammar is om\oijuws ik is avle Yo qunecmie Hhe game SHAJ in
MO WA one W aw (wore ¥han one, pathmiay oF Wles o Follaw)

= We Soy Hhot o s-\-ﬂ'nj is\‘ck.(ivu.\ amb(avuuslyucmm @ grmmmar i€ i} can be
decived Fom Hne grommar in woce kaan one way

kb e decived oo avw&\y)'\-\nc shing MVSt have 2 or more parse +rees ,sftuﬁalv -
not Y\CLUE&AH\\:! 2 2c mdre deriva¥iong

— Beause 2 doAdvakions tan AiESec iy inHne ocder in whh_\n'\-\nr.j eplace vadads

while \odnj'\dcw\-] al eVl in Shervehure |

- R/ grammac that qenecares s\-n’r\a\\s mx..':luou;\\l can somerimey e vndesirable
for Pmoramm\'y\j lc‘.t\aumﬁus (% obher similar applications) |
N\mﬁ? Reravse in Hose S'\-\-ua\-ions,a pograc s\Wovld be able ¥o obbuin n
VATqUe indecpatntion o eveny s_\_(h\a in P \wn_

= Gvammac

Ller M E" be short For "EXPREGSS\oN")

- fnecaies Hac skdng " T ambiqously )0y eitner applying

or Cirsd -

®

Note. : the derivations obove doo't neces soﬁ\\l
Todi cuve Pne qm),Uvn') ,but Ye parse drecs do.




What is o \eEhmpg ¥

decivayion 7

ix«mp\b'f

W\hat is Hae Cocnnal
AGnitvion of 4n Qm\ais\mus

gy canmas 1

ek does i«\\ntxm“\l

b gupos * pmtan 1

Wheakis Hae rf_\n_h'bns\/\fp
beween CEos and DFAg T

Wuek art fne stepsto treate a

CFG por £ o DFAT

2 & specitic Yyfe of dexivakion Hied replates vacables ina Fixed scder
* Wore dneentrded on VBV | and Yaurdure can be vged o diteern
am\oiav:\-., o & qmmmar!
— & decivatisn of a sMnJ W i o qrommar G is e lefbmost decivation i€ ok
every Sk, e \eCrmosy rmqininj variablc i$ e one Haakr qeks replated.
7 Ler grammar ©, bea CFG wnece V=103 and $=90,1%
(&

(2
e empby S £ can also be onthic rightside of o i

L) 1 1 Tvm?f\s avarenle itdo & meaasit § (Lu‘ssapmm,bas\‘u-\ly

= This deivaXion For is leCimost ©
- in Hals step, only Ahe leQmost § i3 replaced jin
his case do § (Mie 3)
= e ster S cemeaing

\
R e e T

i gRMMaC 1S amisiquaus iC ik can generake bhe same sl—n'rj Us‘nj

2 ve mve leChmpsy dedvakions .

T SomeXimes Paere are ambiguous grammars for AT W e Find an

VoMb QU005 qrRmoe Prak aeneraes ne same \cxhjvbje_~

Bur Some wave<y = Fre langs e b(\\\a be qeocroyed Inj omLiquovs Jrammarg —~
Hoese ace Ned inlnecently ambiquovs \anguages -

= o ored DEN | Hire exisks a0 eqpivalent (Fo |

We can tonstuek o CF @ Cor a Tegplac l‘m@mﬂb 5-3 r-&rr?na ¥oits DFA |

= For ex, take OFA M, Haok recogning \u\avuy, A LM )=A) and
| o)

h A=1w[u¢ndainooi
— -2 L)
\_/

Ng7| Lr

1

L- marea vadable For caoln Stade % of +ae DFA ©



Whak art e stepsto Create a
FG oor £o DFAT
(continued )

Whal 1% anotier W ay +o
Ae;ign o CFG Cora

Conteax -Free lanqu aaqﬂ,

"E.Xm(it. e tis -k.dnm‘-lv:.?

L DA Hhe cote o #he (FG # g(’h,”‘):%j is a dransivion in the DFA 2
8! o 1 $(g,,00= %,
Tle, (e, 1= T
ble, 4, §Ce, 0= 12
SN
e, T,
3 dd Hoe e for e DFA’s aueph skate q, ;. ¢

4 Maxe e stact vadable ofthe qramm e Eor Hne DFAS shuck shate §; ¢

= The rr,s\)\-\-inj cquivalent CFG ko M, is grammar (2, ,whidn acmqu,s

‘$ne \a\ns-vgj,_ C )

T We can see Gor ovrself Hhis is trve by d&rivina-ul\c S‘“@ |0 0D :

=S \E bre CFL fsnd alte « reglar l°‘°3"°‘j" (30 we tan't vie « DFEAY jwe
tan wonstrudr o (F G 5‘3 brcu\c.inj Hoe CFL into simpler pictes and
(.Dns-k\m\-ins individyal qrammars For eadn pias .
* My CFLs acethe nion of singler (FLs
™ We cunanen mecqe Hae individ. rammars badk Yogurner

T Leks qonecare o CFE G Cor the \anquaqe

1. ConsMrvet o gremmac Cor e 1% Poc k- of +ne \"‘3“ ~qe ( ) 5
4 (onstroan » grammac Cor Hae 274 Park of dne (ﬁno\,...a(_ L \)\\sinj a
diheseat variobole |

(et nexd page)



What is He C\/\DMS\Lj

nocmal €oem '7

Can cm3 (Y be waverted
invo CNFE 7

3. Consrrver o new grammac Fhak wetaias Al the rules Cam P dihec 4cGmeans
08 Wl Gg o newd fule o bne Formal yWhece dhe
vact ables ace Hre Skack vadableg of the obhner inAiviA.ﬂmnmrs
_"\:asico.\\\’ QMTna AR wikh o new Vacable Mat “dicenrs” [Viefus” Bne

LMlined grammac ko aWl o€ ke (i¥blec ones.

Q™ D4 |2,

= Nwaybo pur & LG indo & simpliFied form ,which can ke vseCul
ia 3“""3 a\ﬁor??wm\ fuor Worting with (FGs.
- DEFENT R CF (L s in C)Aoms\tn normal Form CCNF) i€ ev«j
(91e 35 oF Phne Formn
A— BC
1\ —> a

swhete MG C €V [ AED | and neitwer B ave (o are the sturt vatiable.

(so basically dhe Shark vadable isn'tallbwed Yo be va Hie right~haod side of

a cule)

cin additon, Fre wle S5 S g olowed ;where S is the shact variable.
= Yeo!

- Theorem : iw'j conkext ~Free grommar can be tonverted to an f-qﬁva\m\
CF O whion is in L\/\oms\cj Norwa) Corm .




Pact L: Rdromoata gnd Lanjvae“os

L2 (ontext-Free Lagqgs 2.2 Pushdown Aviomata

What ace pushdown aukomara’

RECRLL: Wiy cant DA o NFAS

(eaqnize  foncegslac \af\awn(.s?

Whak i s Hne dicCerene between
Aekes minisvi o ¥ nonddesminicic
PUSNdona gutamata (PO ?

Waion -\'Wv_ o€ PDA will we FRocus on T

W"G are PNs vseful?

—

-

Q\"YP( of computetional model (like DFA; gand NFAs)

Q,{'uivo.\e.n\-'m Poviec Yo UF Gy ‘-Q\F'“,'\'\'\L\a e\sv (ecognize all CFLS)

- @zﬂsica\\\/ on NF A Hhek al2o has an exta omponent called o Shace .

-

-

-

):!-LM‘=C+W.\5 have o limited ( finide”) M““MJ , and most nonceglar lmavn:\cs
(Live ) tequire « cecgiting Mavhine o Le oloke ko Loak” Hine
numbee of pan Yype <€ 0 puk Sy Mol eeeived 10 ordec 4 calivlate whebnar o gjven
5\'&“3 18 o park o thay lmnj\l AT.
* but ko count & keep dack & So MY Syrbols fequites vnbounded Memory ..
‘ thig ideq is bas\'mlly e basis o Hne P“"‘P"’j lemma proof.
Ps vepocied o ceqular lanquages, wheee & Series of *rules’ (via transition funckng
& srakes) is enooghn db be able Yo (ewognine Sheings of any lenghh
*Wirha reau\ur luj.s‘nu ned bo "eep bruck” ofF Lwe Syrbolt L:u'ng rend .
RECHLL " "dedecoinistic = only one possible oovesmi [enoice while nondekerminishic =
Sek oC Qossible odvomes [Shoies
Nondekecminiskic Pogndown Auvtomata ace s-l-nnau- Hran dekerminiskie, PORs —
-“'\"‘3 fu.osniu m\m—aw- Qass of ““‘:\"“3“-
‘Unlike witn Finite avkonaka,where. DFRs and NPAs are equivalent in powor
and reLogniie the exaut Same dots o langueges.
01\\3 nonderesrministic PDRS ae cquivalent Yo CF (o5 in Pheir power
So we will Cocws on Prvse. Unlets claked D-Unu—wisg,)ﬂ\va(,

PR Lo mean "aondekeeminictic pushdown avtomata”
Recap of Models ltarned Hivs Fac

Derecminigtio Finke Avtomata Leavler Languane s
Nondeesminieic Rntte Aroromaton O-eav\nr Languanct
Contend - Gree. Gammac Requtar Languanc

Londexy -Free lovquaaes
~+—v

Cogndonn Rubomara Legquinr 1,.,\3“3“

Convtent-Frae \MTMTA

= W now have 2 opHons For Proving alanguage is wantext -Free. e can eitire give

-

*a (F6 Mok gunecates or ‘o PSA ot recgnines if
Cectonn \mSQAJ.x are easier o desorite with (Fos jand vice

VeUSa With PDAc,



\A\(\&\' s a Stace !

HOV‘, d,b&s -\-‘V\g_ are. \,.;D(K’{

Row can we vigva\ite the “S\"ﬁl—\fl‘ 1

What is “pu S\Mna" and " poppi

S0 how does o PDR qc\-\lq\\\l
wocry 1

n"q.

J

= Tne £DA

— & Lomponent Hhar provides addiXonal memary beyond o Finite amovnt
oxat\able in e Lontol.
= Valvable beease i can hold an valimited amount ok inCocmakion .

~ N PON is able ko rct_nan\"ce_ \o.nave»aog that NFAS and DFAs can't Llike

Fom prev. page) becatse i has a shack Haak allows ihdo idld [gkore numbecs
of unbounded size |

| bia%mm o€ a Finite avkomation - |

| Diogram of a Pushdown m)'\'bmn'\-ibn'.|

(stotes & hransivion
Qacvions )

= o PON wawdte Symbols on Hie skacw & read Hhem backe later
* Weiking asymis| ¢ poshes Aown" all the other syrbels on He shacke

- Ab M\\5 -Hmc, e symbol on Yop of bhe StaLw — aka Hic mosy rcu.n-\-l7 added s\amb\—

Can be read and removed .
T RAALL (OMP 210 ! Stucke 15 @ data thawnre defined by " lastk in, ficgh ovd”
= lmnaim- A Srace of playes cesking on a spring — When anews plate is placed
on ko p of e stak, Pre resk of Hne plates below i are pushed, dwan.
* A€ you wank to tare ovka plate | i myst be, e sne 90 op oF +he Skack. (or else
Yool enake A eess '\'r“in-\! > pull onc ot $om Hnc idAlc)
- posh:nb : Nd\-\‘nj anew Snm\ao\ on Lko) dne skack

- Pof?inj z Qemwrnj a snamlpo\ (awe ¥he mosk recently added me) Com e Srack

= Laks Yave e, (-KWMP\Q “mrgd\)\qr \q,nawajg,

— 0okt Mnab Hee CFG foe L is A—o0a1le (V=R f=50,03) —
feads ‘anh\S-an e inpot and foaoxions live &8
* eeykime reads a O i i orto g Stack

* s 2oon as (and M“Hm) cesa 1, it a O off e shacr

* i€ P, Ciotgms (cadiing the inpvt exacly when Hhe Shatk. bezomes ety (an Os

pogped ) >

?

¢ iC4he stave becomes unp\-T while Ls femaia ¥o be read \
i€ Mne ool is Finished bot-He Shazk. isitempy ——————>

i€ a O agpears in¥he input oftera L



How 4o we Formﬁ\\\l Actine
o SN
“\l\ﬂ\’ isH\b“meQ\ ” d.{;f\

0f +he Srape1

Whet i e domaser o€ a
POR's Lansilion Loncrion

Whax- ig e fMﬂL of a
PN dransivion Pockion !

So-\-hz.rania. is Qx Vg 1

RECALLY Woakisa puer sex’

%o wlnar is gor Faad POR

Yeansibion Funckion”

> gmilac bo formal o€ of an NFERA  eaepr Cor the stratic J
Q ) b ,00d g ace bagically the samc.
= Focmally , ¥ae SkaLe s a dexvice uan\'a?m‘t:j 5‘3"\\00\5 dcawa Fam ome
a\Qharek.
™ Themadaine 00 vie AiEEeront aghelocks of symbols Goc it ioput And i
Shack, 0 VoW we sk alse ARG g ghape a\phaset,
= ova, wWhak are ¥ne tompdoenty Hhax may deresoine Hre next Move oF o PN

= S The waeny shaxe 5 Hae next input sim\,v\ R.qd) and e Yop snmhol o€ He shaoe
* sioce the oot Shate (ovidbeany 46 @ | b ook iopuk Lovld beany a & s\ ,

G0l ¥ne bop stack. symbst Lbul&lza,mj £ 6T we'd dekine the domaip 4 Hac
Cackesion Sex  of all possible Lomoos o ¥e 3
= hAdN um\\l, Citner $ne Inpuk oc e Shave samho\ ace A\owed +b be & (wWece
Mae macnine. moves wlo fealing & bynbe) Ceoen e vk, or wlo rcad\‘l\quam),a\%'m
Foe sracy )
RECALL dnax 7. =7, U 123
= Thorefore | we deine Yne domain o€ Hhe tantition funckion § as

Qxi,xr.

13 b3
- aka, Wank are dhe possible qesy moves of Hhe PDA When itis in & pacticvlac sibvation.

and ceads an iogut ¢ymbol (Com i- )7

= ANS. T mow eaker some new shake or shmy akhs cocrear skave, And iv
May e Man noy wate some new SYMEOL on kop of Hhe Stacke .

*wie can weite Wis as +he cackesian ek of shakes @) and stade synbols )
(since an tnpot will esolk in the DA being a-one of bhe (U stetes mnd odding one of- +he

Q symids 4o chace) © @ x T
7 Umm ot Nok et yer. Since Hiis 1¢ & fondadesminishie madnine ,the PR can
hove geveea) gpsGle nesr mwed .
T 40 e Snould rthvcn o St of members of & % TS o dne power set
LA *xT,)

s reprrsenis Hhe set of all possible Next storteg
= PLB) = e power setof B = Yhe tonerion of alt posgilbole Subsers of B

*for ex, if ,

- Po \—.\.m3 W 2\ \-oaaﬂnarj

$1Q <5 x T — P(@T)




S0 wWhat is Hphe Focna)
AFinion o€ o
push hown awroeaval

When does a PR aceept

on inpy 17

Hoe Ao we vse e Forna)
deCiailon Yo desirhe individval
oo 7

R evshdown avtomaton isa b-tvp\e (@8 T S,‘L‘,,F)
whece, (3,2, Tand = aceall finite se¥s and

1. Q it $ne seX of Shaves,

2. 2. isthe inpot alghabet

3 T isime shmee alpherel
4% Qx 2% 1L PLAXTL is e Hronsition fincion,
. 9, € Q isHnc sract Srate, and
b E L@ e Set of accept Lhates.
- A P occepks aninput (iF can be
weitken as \nhcﬂ- 2
‘' eadn
" asequente of grates 6od & seqvence of s+n'nas

(where S, represuats the Sequnct of stack tontents Mk M has on the actephing
branta of e Lompvinkion )
LIS SV Mnat ne Fonw:n3 3 condiHons ace otis Bied
1. and
= Hhat M eginsin a Stact ¢rare & with an emply shavk
L Gor ywe \neave uhece
fead For some,
and
= Mis Londtlion b&sim“\’ Grades thal M moves feopesly prLOr‘A:nD Yothe Stale,stack,

00d neal ot Gnmbu\,

~hak an actept sture dbeewrs ttae end of e inpuk,
7 Lets Fave te example nmrca\'\“" \mﬂwjg
— Aokt Maak Hee GG foc L 16 A—>0ALlE (VA A=50,0%) —
= The fomol deseriprion oF ke PDA 11 ok e
lex ke akals

5. is the thart shede, and



How does o PDN eheer 4y See
(€ Mae srace. is empry?

How (g e Symiool vsed?

Lxomple?

b. 5is given "j e co\\bwmj bable  vakere Blaate entyieg Qamﬂj (e :mpl-y law) .

Topot-© 0 1 b
L Stacxe © o[$| s 0 |$[s o] $ |£J
g s Us,,$)3
| 502,09 fla, 033
Jt:. e 1,93 e, )8
1’4

RECALLIE o ceckain input Yie\ds 0 lin the Hansibion chatt) Hnis means

4hat o ¢tare has (D aLkiong [eansiton agrows foc Haak inpvt — ake,ifa

opy oF Te madhine receives Hhatinpvt,ibhac ne Corder ackiony aod dies

= These 3 Cinldg o€ dnechact areuhed comprise M Amia@*‘g&ﬂl Fa POA |
bascd on Hre wrrent Stake and i Smbel LXcenily akdhe ko p oF the stack, Hhi
Qnacy bol\s us gy WAL \m_\ﬂx,, i€ tach input sam\,ol wese Hae
NEAY 3o Le Tead .
™ These values represont fesuhs if Yarions inpots into S (@ 485 xTg ) 4o yield aset of
(Q;T‘i) pairs.
* Foc example, When isia shale , e stace. 8 cW"-M-\\I t-m?\'\/ and it
feods aninpvtob U v cemains in and pushes a D onre the skacke — -
gven by ¢ Q,L’o)i
' Whaen it in yhas a ok YW Jop oF its $tack, and reudg a Lyw
moves o but dveg not add anything bo ttacke - - given E-J 5(13“5_)3 |
™ The Cormal deinition o€ o POR dorswt bave ony exglicik methaaiom €7 Hne PDA 4o dest
foc an UNPry Shack (Whicn, with tampie lang L is someiining H needs 4» Ly, able
4o do).
T To get +he same effeck, we Ve dne Shace symbal & ($ € T)
— e DR \‘ni\—\'a.\\y plates the  symvol on e Stal¥ — but never ngain aFtes tat,
= Then IE i e |ovke po de Prack and (ees Hae ak +re 0P, I aows Hhat
Irece is novuing godernen | and vy bie Srack 3t e.@:,u\-'\v:.\y “emphy "
= \a kve nact Cor nobice Yot when isin Lo a e Stard s\-q\t.l.)
Wikh an Lme\-\, Sratk | iF yields fne move ﬁ,(q,,_,$)l When it reads £ fom
e Taput.
*Thiss waentialy desuibing Hue Hesk Fansition Hat hapgens biCire a\ Obner ronsitions.
Q.-Q,m).\'na o me” £ Inpwd A avrion aken simply by dcCavlt.

* The Cirsl move of ,48 We can see TS te push o D onYo sral !




How do we create o Stale
d.'\alrum Cora PBA?

How is e sraew feprrunted
10 OB ke A m&rﬂms’{

Q_,xmv\plz. of (,(ea.'\-inﬂ a PhRi?

Whav does it pean when

aboc C are e 1

= \[U'n similac +u Ma\/_\‘n\.] Shee Afaamms Coe NFAs ;5 an we have Yo add is a

feadre to tWiow how the PDN vied ik Sralle when \‘]D“"\'} Fom Hate Yo

Staye .

= Thesremt ey NFA can be converted #o an equivalent DA
— RaMee Wnan ius-\- ?\H-Hna an inpvt Sam\ub‘ on taeln Yrunsilion accow | like

3,0

witn NFAg | 8

We weike, o Statement of4ve form & ;b — ¢ 5 wheee

A = Hne inpud sﬂm\:o\ rfead
b2 & srace Symbol Hhak may or prpped sECHe Lralk & replaed bh ¢

C 2 a svack gymbol Hhak may be added on bop o€ he stack (ay park of dhis
feansibion) — i.€.€. e curent trace symbe is b
> " Waen the machiat i no.&inj an o Faom npvh ) it ey replace e :nML-l bon bop

o€ WWne sbaLe Wit & ¢ "
— Tomave a $tare A.\‘a\amm o€ Wiy (same example ag Foconal defn) ©
1. Ocaw an NFA o€ e machine based g i+ dransidion fupcrion +akle —iamrc-“nc ihd-_;

a\oou) e Skave % dcaw i ex acYly as Yov woo\d m:ﬁ NEA

0 <

Tapot 1
S | O] B[ 8 o [sfe]o] & [¢ ]
L sy, )%

Y i4,,00% ey, 0%
X 34,63 e, 0%

crs+rn

(1

Lo MM in ‘e ,b—>4 Stalements Whece bris e cocrony symvol’ and ¢ is

e potenvial Ceplo Loment-.

T ATT ggniCin o bransibion at M, maves withot fecding an fput <ymbs) Sst Fodriqeer it
(!Z.Sg_a LL=-in NFA s, an”:npv\-",,;: £ meangdhat the mamine ﬁ\a\-nw\q\-?m\\r SPI¥ 2o L zopies )

M b=¢8& sisvﬁcl'cs a Yaasiton that My Makes Wio reading % Pefpirﬂ any syrbsl of% Hne St/

T T DT signifes o dcamsiin Mask My maves by ROPBINY 8 syl L ofF e Stack, b ok ceplacoy

it With any Symbol Lnething pushed on)



Whak is another ex of S

How does W worw,inﬁacm\\nq.

aobr

Stare &iaamm of N\L‘?

16 s eatn Frunsidon
Lsa~ g, « 1))

N\L mean 1

—a POA WL Whion recognine Hne \qn%uaﬂg_
$a' b (Y, R2D amd (=) erlizk}

= My wores by ficst rfeading and pushing all o Hae 0.5 — o when dhe A3 are
dore, My oy e 0N oA Mne Sk so Pek ik can makch Hiem with eiboer
e bs oevae cs (singe i:\S or )

= Neat, My pgeq Nondederminism (Which is ¢sseptiad hece) 4o have 2. brandes —
one For eaonm possilde input of o 5 oF a ¢ . 1€ cither of Hnem Makihes | it accephs .

* W[ Nondkerminiam, ik Wouldn't now i advane whithee Fo maron L) puch?)

e s Wit the Lgor te 2.

&
@ Q Clhecleing N4

[ L _
+ O J
@ @/ .
@
E ' ’

U ) O
\,__\@r_\__/

(lhf_LK\‘hj € L=

Using o test for empry ALY Rubecnatic Firgh Hransidon,

as hn3 as ML onkinves Yo read as, ¥ pughes Hae & iam\,bl ooty Shalk

3,4. M, av tomatically (reaXes 2 branchnes (which doe't add anytaing Yo staLk) one 4o
a(Lount Cor €0 o€ Yt inpuk symbelS b and ¢
TS "spawning” of 2 copies is katwa as 8 Mde SWIC E.
5. fs 1ong a3 bg ace read Geom Hac input aad Hhe stack wotuins as,then @nmoamis “P"PP'AH ofE o6
e srares (AEnokea by ITRES ) o caun b read
b.

Onte alt b€ the ot have, been popped ofE Ha Shack, Huc remaihing Fop symbal wil be o $—
his indicakes Haut an equivalomt amount b€ bg have been read & Hnat wmemy, izi To
ack on HATs, a0k ONLY onte Hac bop of stack is $, a transition to acuepr state q, is
avkematicolly mede LSince inpur is £
Now Hhat we have attraroed , M, no Ipngee caces alo Lounking Hne  F €5 read. Sp
ik will Stay indne acph Stare as lnnjr.s ik ig ruulhj es

* Plowever, Baece 1S 1o +unsidien acrowg Com 4 for €on o br ol isread ~Sine

ek ok be i\\ejr.\" +o ne 1!*\5\)03(, atp.

s 5@ any s br b ace fead, e corrent wpy F M, would die

P. { o
o nis SeeHon, we wank 9 see (E Hhe # € s = oF as ,50 #he bs indhe
nmiddle dod rl\\9 ean M\-j-htnj ¥o e () Mz_ Rs long ag it reads b, My doegnt Foven Hne Shazk

and  CcMains in State 9§ t-Similar 3o -“buraing Fhwvah he bs”




Waay 1S AN example oC o DN Y
ax mwsn‘mg He 1,«13.,4\3(,
L= Suw® | we 0,21

Wow wit % vinow wnen Yo shact
(,V\uv;nﬂ Coc e \,40" pocrion oF o

Srring !

C.v\'w\—c bia&d«ﬂ\ oL V\3 ?

as KAl a0 avtomaric (CMBAESIHEE)D transition is ureateal o ackon the
ingvr symbols afeC aW b have been "burnea\”
1% Similac 1o [B] == popping an 6 o€ tine staie Frc tach ¢ read, bur- Shugiog in stake
0\. " Pre Wwniole Mime.
S amb as @ byt Cor cg,
2 Uty e other acieph Stake ¢ ., has wo sc\c—Fo;nHrj aCOws 'N‘mﬁ?
* Ble obbnis 0oink e tnput fras given ve X # 0F as, some acbitracy # oF b, and txactly X 9 of (g
* M2 daxs 0ok viant4o see 00y e inpot or clse de wles wart ke Eoiited ¥ ive Sheing Wont acueft-
T, My @mains 0 aneph stuke Lq €€ it doesnt fead any wre Symbss. &% does dncceitno
afean Lurespending do Hem and Hhar Logy) oF e machine wavld Hhen die),

=2 wh Mmeans i Wikrlen basknacds |
§ 01011 12020 | 11b, £, 14,00% & L

T Aee POA WL Wil Were by Licgt pushiing ant e syl ok ace read ovo

e trarre
= Areach point (of rud.‘nﬁminpv-\-) 5 Mo Wil vee vndetecminier do aviomatically creave
anobner :..pi-vw«- asdvmes Fnat e middie of Hne s*-n'nj \as \-‘“*_ leen reached %
e Wime Lo shark Uneietng Fae
TThece, il Swikin Lo popping & tymbol WEE statk fureazty inpet rtad, ¥
NeNing ko gee iE e +wo ace e same |

T AC ke inprt reak & stucke Symbol poppesl were always e same | & Hhe shark emphics

ot Ye samerime Pnar Mt 1npvl i3 Finidhed M; Gtieprs, CWiSe § Telcey.
P > > J

.@ ne—% b, ¢— o
_) % 1
@D lie— 1

£,0>¢ @

@ D 0,0— ¢ .—-|¢n¥-nn3 point o 0 iscend
—t 1 L

1 4> bok dne dop shack sumbt 75
g6 — @ : K

NOT' 0,440e topy of Mythen Jusk

daws, This Yevie JAcansition® bty
applies vedhe cpeeiCicd
Sympols »€ o pL—de)




What is lne relationswip
bedween PR and (FGs !

How do Y tovery o GFO
inko a POR ?}'T'(“““Q Pne

same \Ansv A3¢ q_

\W\ar s an

Srdny’ g

“Ta¥rmediate

How does nondeterminism tome

ovo Play in ¥his procesg?

= DA< owd CE (s are q\ﬁva\tn-]- in power —both ace capalle of

&c-suri\o\‘ns Mie lass 3€ ol contexd - Free lamavola (CFLL).

DM\S CF O cnns b LoaverXed in¥s an z.olu-'vn\u\\ PDA and vite versa -

T Alanguage ¥ tooeny -Free i€ & only e e s seme PO b2
Swne LF O Mnar dearakes .
= I¥s sork oC mplicoded bui- bmsicq\\3 , Hoe PDA (P Wil woek, !:J ALK?H‘_’j

WS inpur (W) by Aaurminin3 wreHnoe fere 18 a derivahion foc W in
Yne gcammac (@).

* basically RV ‘\—rn 1o decivetae Shing W anch detecmine Wt
Bnereis some 201 oF ¢ubewlions (\)sins He ey of G ) Hat can
leak Fom tne Shast varoalle ‘o W .

™ la ¥he dedvarion i a grammar, 26tk Siep 06 i yitlds an inYecmediate

i.\-dnj Yhad 35 Some comlp o Vari ables ¥ derminalg &

> Sincc Cor LW:) variable 0n Hie |e€k-hand Side of a rule in O Hiere tan be mviviple

possible 20bshivbions (RECALLHhe whole reason for Bne” | shioctand), Hne PDR vses
i+< Nondeteamimsm to guese Hhe sequence of carear Subeibvhions For a gen input.
* Beaon step oF Hle rkrivoc\-\'on) o brancw is made €ur ach oF e evles

Eor o pattivler variably jand Vaed fo Svbstitric sgmc-l*niﬂ for 1}

il Svmml%'- conyexy= Gree lanav.agcs -

What isHie ladion betwien

Cegqvlac lansoo\:v_s V3 ontexy ~

Cree ) o\nﬂvmscs 1

- Al res—:\ar lmsvouju are inclvaled in Me clats of CFLg !

> (FGs & PDRs dectdibe e same Llass of (d’\avnjcs —CFLg,
¢ Cor every  OF O dhar deseribes a\wxavm:r, A, Hece exighs an

e_c(lu‘,va\m+ PDA Hhav (c:.oani'zcs Hhe same R




Pack 1L AFomota and Lanjum“c.s

L2 ¢ (ontext-Free La%

How dowe prove Haay o lanauw\\e,

iS Aok (onteny - free

Whot ¢ Hne 1dea belnind Hne
P\,mP;pj \ewona Cor ¢FLo 7

Whek doce i+ mean Haat a

CFL e be “pum\gccl”’.’

Whet ig ke Fomal deSinitan
of re pomping \emma Cor

CrL e !

e 2.3 Non-Conkext - Free Lamjvazcs

= Simlac bo PQVM3 \cm\era\sgx arent rcﬁu\m’ yWe vse an alkeced virsion oF the
90«\9::\3 \erven \

— For ex | Fake Mne Noa - conkext =~ free \M\S\Jo\:‘o

S= 3 & WVie | nis> oY
— R2enLL! for Ceguiac langquaqes © the pumping lemma < ays Hhat For any fequlas
hmav age, cacn g\-n'n.> in Yot \q(n Loatroins a SELhDd VWi Lun be
repeated oW venee oF kimes, withh the resuliing s+&n3 rcmm‘m‘n)
o ek componeny Idg\wu\.\— o Yhay ‘“"‘ﬂ" ae .

T For (FRls,dhe idea is similar~ Hned evory wontesr = free langvage inas a
Special valve colled Hae fwv\pfnj h'“ﬂ“” swela fhok all (onjer S\-n'nqg in Hhe
languaae can bt Maumped” — bui e tmeaning € "pumped" sligwtly A&ifess.

= That Hae s-\-n‘r\j can be divided inko S packs o bhad ¥ne 1“.\ and Ll*""
pacts mey lou repeattd any Numker of Himes ., Wil Mot resulting shriog shil
a thembee of Hhe lm\aumﬁ(ﬁ

T as opposed Fo requlac languoges, where o sbding i3 divided ido B ports

and dne 274 oacl ig repeated (_'pum‘x&')

€ Nica esatexk —Cree \nnsvmab)ﬁcn there is anvmber P
L‘\‘V\ch‘SnA teaghh) where, i€ S s any shing in K of leagh
\sl 2o,
Hhon s may be divided inko S gleces s=uvayz  while Sasfying
Yo Gu\\vw\'r\j tondiHions -
1. Loc cach » UNVTXy'Z e A
basically Saying Hnav Hae 274 & W pacts can be duplicated in §
40P R o8 s, and the resviVing modiied vision of s wil sk
ke s gart ¢F lang AL
L. lvyl>0
Says Hat ax \cast one of v or Y Lk wat m._sw;\\1 \ookh ) is nob
e (.mp\-\J Srang = © Haerw ise. Hie Freorews wovldl \oe_kivia\ly frve .
(Fre tenghn of v pos Mre tengin oy sk ke > 0)
5\vrul =p

Seus Haet Hne pieces x,ﬂ,cmd Vv together have «‘“3"‘" of at mst P-




Example t how do we vse

Hae pym pinj lemma 7

Whak Aoy need Yo prove aboovt '{

\N\‘“:\ 30 Haese (ases otrradick

e pa?

- LQ—\'S P(DV!- ey \—\/\'_ \-\(\3\;0\65 is M Lbﬂk&‘\'—

Ccec.
- ¢ we et "o be Hae pvmp\‘nj \ma\-\..Jwe Kvw Hhak our chisen s\-rﬂb ’s" \nas v
e ay \eask Sl g \vnj - wovld sn¥3555“"‘$-
°eg. Lp:i\) (_9-_3)) ,e¥e.
= Thar no mares how we divide < inve S pieces ,onc of the 3 waditions of Hhe

‘Nmp'm:\ lemin Will ke violoded .
must be. QoRemMply — Hnore

= Kupina w'\)ﬁﬂ\ L in mind — Hhat citecr or
Can ke divided into

oce 2 "cases” dhatencapsulake all possible wens Hat
4. Born v and \3 woakain on\\s one -\-YPL of o\ ghabek Snm\w\

('br u(, of or

L. i,i\-\m_r- V or Yy ehains more an ore Yype o alphooet svyv\\nnl
Foc ex,, o
1. . .
\& and botw Lonkain m\3 1 {—np:_ ol snmho\ ,m'.a.an ek vhen we pump
and e 3 551\':\00\ Wwil\ nek 3@\- dvplicated — Cor example

So

Rnd $hwos the # of 4ne Symbol notinc\vded in Vv oc j Wil bewme mych smaer Hhan

Pne, olwer 1 Thae S\-IE(B WOk e Gble 4p Sq¥i$gj & Yhece Fore

Lannok be & mewier of

This violaves woodilion 1 and is s a wonteadickon.

L Wis sirvakion ik s possibie by have wn equal numboer oF s, b5 and <.
However ) nov-in Wne torreek ordec ! For ex

So

Henw it Lanas} be o member of and a ntadickion owurs,
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1] HR mast sinPle moder of 3. Rondedecminiskic PDMAs
What analgpitam can do. ) - ' '

n
invd dveed NFAY which ort H
L equiv aven n power v DPAS \V%

"
feavlia e
expeessions CFGs

S~

a way o deserile
l:ms\m qes




Dl ©omad LOMP 455 -DD 1L,

DNue Cc\orvms 23,2024 Homework. Z

anc_ 1
1. CFGs (’-o‘r Fne Collowing lanquaqes | wabnere S 3 Tea,byc?
) A= 1a'b' | isj20%

lek grammac G, = (V€ RS) where

V=14ie, 0. %
= §a,03
$=|e,

)
and Hne sev o€ rules &gl
Kl’é %l o\V—\\ a Kz
R a?,b | g
This g aMmac ateuralely qenecates ‘an\o)vmac A | cceaded it on e basis o6 2 ondhitiong ©
1-no b Shoold appear in Wne s¥ring Un¥il of lcast one @ has appeared.
" The ghark vacable het L possible substiviions exclvding e empry Shing €, and boii oF Heem I)CJin with
e femina o )Q,v\gw\'nﬁ no b can appear beFurchand.
L. Thece tan e any fumbee of a2 Yot oppeac befire o sfnak. b )¢y L con be \‘)a-':\_ , buk ik desit hewve
‘o Le.
* 00e o€ dne ook vanable’s sulstibviion ™ al, , AWous aa unlimited amount 6 as ¥2 appeac befice c.&\'na\z

b.
MAEHD(\A\\\S) bot L)-J cn be = bo O) o Hae mel\, s'\-q'nj € is aivm s 6 subskhukion (Ve oF Hne Shack Vadable By

b) Bz $a b " |i=) or tzk where i k205
lek gfammac G‘: (V)S, RAS) where
LK ﬁ'V‘L>QL,V*'s,Ku,RS)Ku7‘>
i‘/: %ﬂ,b)c_'i’
S=e,
and Hae Seb of rules & s
LR, | R
KZ—HLlqu
Ly aR,b|E
Kq—7 oﬂq\‘i.
R = aRse (R,
R, R e



COMP WS -bp L

Dyt Comar
DNue Cc\orvms 23,2024 Homework. Z
Paﬂc 7

1.
this Jf‘ﬂ\MMM' m.{,umh,\\j .:Fx\c_m\.cs \anﬂv“ﬁc ®. | creabed i ]"j bfm\L\'nj R inko the union o6 2.

smeller UVl and, +\m.n‘(_br\s'\'rvlr\’in3 aqrammac Cor cacn piece.
Lomjuajt, BL E ({,&LBJL‘L k f.:\'\ Wwhere 1,5 w2073
& granmammas 12 Agac e BJ_ s as Falipws (in&rma\\ny
R,— R R,
(Z’_'_’ 0‘0_15 ‘ g
2, 2 ol | ¢
Longqrage &, ¢ Sa'Be™ | {2k wwee &),k 20 %
B grommac 10 descibe B, i as Foliows Gnformally):
2 - o.Q-| e | Q?_
,—>be, ¢
| Hren comwined hacse 2. grummars by addinj e skoct varakle 1o (o, uhich points bo Hne shack vardables of Hne

individva\ AFAMMATS,

A C=9a'b e ™| vz where ik 20%
led grammac Gs= (V)S’ R)S} where
V= 1o, R, %
i‘/: %ﬂ,b)t_'il
S=e
and tae seb of cules & i L

R,—akc|R [
R,7bR ¢ le
This grammar accurarely qenecsres languane C. Since isj=r v kaow Pt tne cgpearnare oF tach and any
Qg oc by in Y inpur Sheing MITE alie v Wirespending ¢ ak ¥hhe ek aF e faput s’rn'\nj. To tasurcdhis , both
L, and R, dowrallw oy & or L derenals ke qenecsde Without o ¢ detmina Yrer ko o well R4 allows
o thdng (il aay fumbee X o€ a, ke WLl ay X Wb oF s Thon, Hhere IS an ophim Yo \eave Fhe Shengas svch
Loy vsing €4 — 9D, Yelking & Shing where (SO and (+ (= K his shdng ic anelemenr F C.
Pt\)rut\a.l—ivt\\ﬂ) WL Lan adh &S ey by Yo twWie 5-\#1.'«\3 ®S Wt WanY, andh Lecn ghep 0F Wais WL ASo add another

O Xo Fhe Und SV Xl i- cx\w:usg T .



RAvi Comar CLOMP 456 -DD L
Due CL\DNM‘S 23,2024 Homework. 2
Puqz, 3
L. Give o Forms) desriphon of o PDA whiiehh (eLoqnines bhne Language Az Sw [w=w" 2.

Give an  iaForonn Acseriphion °c")h") Yove answer i eserect.
e M <= LQ,E; ’T)%)%L)F>)w\ne_rb

2
1. Q- i'i"l—vq':.)%'s,iu% )
L. 2,=210,1%

5 T=10,3,%3%

4. F = i.‘LL,?S, and

S s given by tne @o\\ww\'nj fodle ) wherein Blank. eadries Sianii—'ﬂ Q.

Lopot- O 1 s
Staew. * o) 1($| ¢ ol 21 3 ¢ (o} 1 % <
e OB
cvoxe b, s, o% i@, % 100,008 L0, 2R 3, 0%
s FIOREAS ., 5% HCMENS
¥y
£ % 0,£— ©
g ] S @S2 @D L

2l»¢
¢ o2
£,069¢

Gk,
1,4—>¢

£,$— <
E XP\omm\'i on L

‘V\1 o\(_kh(q‘\'(.\\l relo av\\'-—n.s \U\-V\G\mzlf, n. M-g_ is modeled abtec the PDA M:,’ from ey ample 2.\% {,qug,
W, on.2.2) of bhe tesrbook, Larxmo xy -\-\ru.'\'huw) »€ Lo putativn T Mg rm.oqn;-u.s +he \anaw\ac
B= 3w lwel0, 13" % Witk &5 quike similar b langvaqe A.

| deteemined P B < B JHnar is, an s-l-n‘nas " h‘ni\\“%c B ace also polindomes and oo al o elements
o \‘-"thgo N TheceCore | o\ M—dr\:‘t attepled \n\j N\.s SWOV\A  elgy be GAliepred "j My,
The ditlerene bevnren N and B s Pt B inctvies L\'ﬂf-«j palndamet of an odd —numbured IMQH\ (where

oo middle oF +he Palindrme s a D oe a4 like 1901001) | ahile @ inzludes only tyen v\cn\-])-h palindeomes.



RBvi Kumare COMP 456 ~DD 1L
Due Faory S 23,2024 Homework. 2
P”\-‘\’\b y
L.
N\,s wockes by \\sina e deansibon  §( Q. ,E', £)—> (‘L:, £) 4o ngh,\g\-um:niﬁiu\\‘ﬁ guess, o} eachn
Srep, Phak Hac wiiddie of e inguk sl—n‘nj hes been reached .My Waen swirenes ko POPPing SYmbols ofFHhe Skack
b theeking ie J-bu.j medun Rt Symbsls read L becavse iTiks a palindrme, Hre huo wiltbe the same ).

(see Hne explanativn o8 Mo oa paqe W)

M, Lunodons in & Similac MAMKC and tonbatng by same $q. 8,0 — €q,,8) funcvion For e coce OF
or trn—\ength binad polindeome. Rowery, Yo aceount Bor e p°ss'n\:il:f\-y et Pae pah‘no\nvw. tontzins o L ac
o 0 os its midpoiat and it o Xd-numbeced in \er\s\-l\ o\ added M Fn\lwinj 1 deansikions

80, e, 1) = (4, ©)
2(e,,5 00 (1, )

Teree Fransitions ace alsp coeated “un-\;-\cfmfn(shm\\y av each Shep Lsinte &% 50 £ Cor \oo.\.\,.\,
nod Hovy aigeme Maak Mg midpoink Symbel Met Leen feached. IEikisa L Mne L is popped oS dnestock &
M'L moves Yo %a s Where v Lu_air\s P"ﬂ““) s-a«\\nv\s 1BC Hhe shacle and Lbﬂ\?&d:j Frem o the aput

Coc S\smmd-ﬂj . The Same ocgurs Fur Fne tase of Fhae Yop ssmb\:\ lgo_inj a D.



RBvi Kumare COMP 456 ~DD 1L
DNue Cc\orvms 23,2024 Homework. Z

P&ﬁg 5
. T_V\f-"armnu\j desecibe o dekerministic Tun‘nj Marine Haa \'e.LDnJm'-,cs Az $0"1" |n=0D3.

We can o\&S'\jr\ a Tln-:,\z3 Machine M., et ecognines the lanquage A= 107170203 .M, wirks
‘03 1]3 '7—&33‘1!\3 bebween 0% wnd L¢ on Ihe '\"4\p< and nt-rbssinj D-C(:”a\ 1 Qo l.v:(|j D read —
we can  indice}e Maig "an.inj oFE " hﬂj r&p\c-u'r\j crogsed o€ O o 1 wid, tHhe s\dm\.n\ X.
oc M.j_, \let e £0,123% and T=10,1,x% laorder o enplain My better, | alss rewdte R as
R = SL On" 1_“"' l Ny=n, were 00, 20 %
M, 's algocilim  given an fnpvk W s as Follows
M:L = Yon input 5-\-rfnj w o
1. 1€ vve Pirsy 1ePrmos) symbol isa 1, — kecavse Haig implics Mrad gidinec
o) s-\-n'nJ W wakains 10 0< and ab least one L in whicn wse W 7{ R
b) &l-n'r\a W coothine Le dhed precede Dy in which e w édn
Lo Wake s due Gicet O read Luion soiHally, shostd be e Girek symlol 30 tne bape uoless W= € Jwikh the symuel
X" in ordec komack i otE. Move right acrass Hae fape unkil 4 1 is cead.
5. Weike over Hne Firs) 1 read wita an “x”, Move Vef+ ynkil the Firsk D is read.
u. Repear steps 2 and 3. \F ar any point & O is read und trossed B and Yhen Mo more Lg are Found (ava all

L< hove Leen e ed ac‘:'-)muw\ina Hax n, < 013 s

When all L¢ have been trossed o€ i any symois (aka any 0s) cemain Jodherwise,

The CD\\"WTf\:\ Fia\)rc on¥aing Severa)l NN ONSeeUYive Snapsheks o M,_'s ‘ape ab¥er ik hag sYaded on o put
ooD 4114

O o o L R
X 0O O \ | U R W
0O O x \ \ R W 5
x 0 x x \ V' ou g
x D X X \ | DU W
X, 0O X X X 1 oo
x 0D X x X | I U S W
X X X X X TR W
X X X X X X W W



Pack 2. Compurability The,org

a3t The Unoeen=Tucing Thesis 3.1 Tuang Maunines
~ ~

Whatis g Turinj Mawine 1

Vow doee a T\)I‘i.t\& Mawiae wore,

bro ml\j".

How doee & TM vse ike “-\—q‘u."?

Pow dees o TV prodvee X outpet?

How ts o TN Jiffecont Croen &
OeEn?

Whal is “pem)' 7

E"'\"\?\C +v ul\msl‘ﬁ\'\a Wow
TN work ?

PR od\of ompururion  ({uek Bee DPA B¢ o)
= Howevtr, one thad iy Mueh more powerful  and can basiealty do tvun-\-lm'na that a
Trea\ compvier” Leq. Pyte) con dol
= P much Mofe Gliscare model o€ o qerecal Popose wopvler becavse, valbe finde
Wromokons | hes an oalimited & yarestricted memory.
> e TM moded yees an inGinite Yape 08 its untimited Memoey
‘iF has & "hape head” thar tan read % wdte symbols ontd Hhe tape,
¢S well as Move aund ¥he +o?<.‘.
> ladally, Fre dagpe wontains the entire. inpk Shing ond is blank evorywhere tise,
> i€ ¥ne moathing oy +b Store inGv) W Lannwike ¥ onke ¥he Lo pe-
T € e Manine e by cead the i0F0 it hag waten, iv cun move its head bock

over %,

= Hwil\ (otinve mm‘wh'nj vnwl i enters a designated aevept” ae “refert” shate ay
Which gotak il prodvees an votput.
* i€ T never envers an aceghfeeer state ¥ WiV goon Forevel never \m\\\—inj ‘
= Ir\(-'-nt‘nn\\g. a Ton‘r\j Machine is jsba DER widn aa in€iaile Yape!
= Ke.\j difbecenes ©
= TN can both write on the Yape BND (ead fom it
7 The ead-wele Wead tan move Lot 4o tne \eBt nad gk = i, nok
Bmited o the dop Symbol Wle & PDA snd & Shack.
% The sSgade) shatts Lor acueg) & rgju\- Yave ¢ ffet immdfnk\g
Luntive Fhs, shere only Hhe skate kb Hac end of en inpu .ﬁ-n‘nJ Wahers)
— Cor a\'\'urirzﬂ Machine M Lim) ="+ne ‘AQae gecopnited by W "
“le¥’s I'Ml\aing q'\'wfnﬁ Mackine My For \ma)—;n] Mevnbereship in Fhe umav-.az,
(<o Give 0114017  Ldislol  DHO) ede.)
e inper '8 dop |.m3 Gor M, %o romanvber ald o(—'\\._‘h-\- Whak it Can db s Mve beyween Ye L

et € e, and ke € Lhe ﬁam\ao\s makr.



How Ao WR desenioe o T\Jrfnj

Machine iaCoran g\\i 1

Whwarxis Hae formnal deCindtion

oF e T'un'nj Macwine 7

W hat isdne rcansihon Sunckion

S foc o TM?

3 q\c‘nri\-\/\w\ LinGbrmo.l\v\)

1. lia—v\’j acress Hhe bage to Wrresponding posrHoas On eilher side of the Syrbol
1o dneck whednee Hiese positions tontazn he Same symbel.
Loith. e deinglw 09, He 2 SymboLsn the nbr npuk Should corvespond +p Hae
2n4 sywbe) alhec Hhne  jand $D0n)
{4 ‘Hl\bs do ok Lorrespond o} ey peink
P we Sympel s Found
' Cross off Sypmbpls 0 Haey are Oreckied +o keep deack o which
SYMboly Larrespond.
 Whea a Symbols br Hhe lefd of Hne 5 nave beon Lssed of6 checke For any
(CMqit\\'hj SYMBD\S +0 bl Cight of fhre e Any Symbols cemain,
D'W\erwiu)
T by givinga datedpiion of b e\qoritne. & skchwnj -\*hcuaj et i+ functions
> e alonvsy neves gve Sroan desuriptiens o TMs kecavse Haey end 4o

\oe Y \0(3.

A Tvn'nj Macnine it o \=tvple (QJS,T‘,S, %0 baceept
.Ire&u_*) wheee O3 )S , andk T ace aly £7nite Cets and
1. Q is e cer of stores
L2 isne wpvt alphabet NOT Lontaining Hhe blank
S\aw\\ov\ !
5. T e tne '\"‘fe alpheabct ) wWhere
T € T (T tontming e blan tymiol)
3L gt C oW Oemers o S are alio apart o€ T )
4. S QxT'—> Q=T « 1,2 3 s dhetraasidbionfunction,
5. 9. QR is Fre ttoct stove
b. Vouep € Q¢ ot accept skate | and
1. ‘Luju\- € Q ittne fefect Lhade | where q’a&lbp?l- * Tlrljl-f-'\'
L= le€d
28 QT — QxTx{L,R} =
« it a machine T,_ IS in & i stave % aad its heaa iy <ur¢~u\-\-\y ovee
n Yape square Conraining symbol % ue can represent +his as O (g0 )
T ood € Qg ) = (%1, b, L) Hnen Hhe machine moves bo skake Lo

feplaes the symlol & 0O e Fope Wik & b, and the Fape head

Mmoves o Mne leCd LL.) aCter wrﬂ-\'r\s.



\—\ow dres o TUr\'Aj Machine
(,ompu\ﬁﬂ_

Whax \naﬂsm_s When Stacrs
(‘\Innilﬁ ,,
Waot (ha ppers if XS o.\cc-\d.\j

on Hne \e€imosd squere

When does Sl—op Nnninaq

receuiveg ity in pvt

= Lokaly Tun‘:\] Maudnine
ond WAkres Prewn onto the (eE4+mogct n SqUeces o€ Jhe tape
Cble v wakes Croon 1661 i—o-ri%v\\-B
*The fesd o e fape IS blank ~alen Fil2d with
Blaaw vyt L.
7 The fiest Hene Ml & L appeacs on +he Fape indicaks [maces bhe
v € Fhne fnput, Since does vio+ wdntain s,

— The lnead Srarts on e leClwosh S‘\vo\r:, of +he.+u?c.

= The mpyrakion poceeds moves acLurJ.fnj-\-o+h¢_ru\q degon bed h\a-\-\/\c-\'(m;i‘-fm

Q\lnr.\d on

* for ax, Suy 1 Sacks in

and ¥ne \eFdmoc) square Lm'\'nin.\“\'\m,sumhb\
1 Say Mol of

onkaing bhe "—b\\twir\l rules b

Sinee ® ' wicesponds bo 'S wirrent gikvarion, M 's next

GeXTA 14 do enler giale ) feplace +Hhe S‘(\m“\ Wik a ) andh

move ivFg heed Fo dhe ﬁ%h-\- o
X Loo¥inwes this erocess for wWhalktver shede Ux and hP" Sywhol 'bx it w\rm\'\\)
Yeshy on ...

T 1€ ¥ne hope Wncad 18 alceacky o0 Phe 1eGbmogt squacc and e drunaition
\ 3 1

Hnocion indicodes [ , the head e Shnns indne same place,
> The Yead will fevee o Ta Yae V60 QMV st s-\vAft-" sinze W wil !.\m\-u\\j :\ud-\.c. Llank svml,‘\s.
on inpui )r\mm‘rj on cesvilg

- For Lvr-vj T—Un‘nj Maching

in esou.\-\\/ L of Hhese possible outcomes -

L Ad soon as fiever M taters i Tmmediakely acephs
inpvt
* AN wWe say +at TM haWg on W
L' D¢ coon as/ i€ ever M aers )i immeJ\'a\'d\/ rejetks inpvk
T Rnd ve say Haot UMW WMatkg on WY
3.

never halts (doednt endec o )

" Rnd we say Hhat W loops onw®

* Ioaus:c..\\\:\ ,a TM doeant have Yo chanclo staley or modﬂlﬁ
it bape —allik Wy Lo do i keep mw:nj arvvad L\eft &
r‘;la\l\\r) While (.Y‘f\]-\—\n\'nj L\se 5\‘0\35 +he lame.

is o Valid transition ‘:Unc\'im.

L.e, 3




S acy (Y do Yow = &as?co\\\v‘)"-\ne,'ﬂ\l\ firsk waves O\ input SYmbols onvo S +ape, and Hoen
TN wockse? proceeds Yo msve a.dund Mne Fape and LRotentially) rg_wd\.,_jm“p;j come 1 Hhe
S‘QN‘“U Lo.uorrl\‘nj*u e S rutes) in ocder ko help (b reach an ovtput.

*iv dves all Wiy LWhilsh simvl\-nncumlj moving Cam shuke e Lbere and

q®s on Porever O skops iF it ever lands on or

Whwot does Toeia3-mwdm'znh\<. = R&nLL Haak- 6 TM M can respond to andaput W in 1 o¢ 2 ways <

mean 7 1 ineg ik by feaching a epy Skade X \nclhing operadions,
JT Y 9 A Tacteps g

. ina v L.ﬁ Teaching o Vergect Skare ¥ Lw_\HnJ opecations.
1 \Oop-uhj ?:\Min&\-\\d)mov?nj bebuern shares & +ape Squarte but never lﬂmelinj
00 e aliept or rc:‘u—* stote .
- A \amaw\jc I i T\Jrl‘r\S-mLﬁnimL\g 1€ 4hece exists some T V)
Yhav rcw:\r\;-us D This means bhak For every s+n'nJ b
e actiepts
i rejecks bR if loops on
We Hren say Fray TM M rewognites language A
What is e« decider 1 = A To:an Madniat Haat is pmaravmmuk Pt i never feveks o
\oopina °n any given faprt — every inpu¥ s-\-rir\J \eads to etdhher
Vaceer oe '\:m.ju.\. — it caled o decider,
Wwer does T\lf‘"a"bc,ddq\o\e. Y \"“3"“3" i Tvn':\.3—- decidoble i€ ¥ere exisis some TM
mean 7 SVUN ek foc @very s-\'l‘fnj

means Hrat actepks

means el r<8u+4
akea  iE Phece oaisty some decider ot ruodm'us % I
Wednen sow Moy T decides langu aye N

AW lan Juages Med ace Tyrin J ~decidabkle ace algo in\r\uu\-\'lj Tvrina—mtfjnimug_ X




Sommmtj . where do all \-ons
ofF \m&vhmcs Fal in fespect

o cacn othaee 1

- ruao\nr \mnjvmjt,s'-
*HPhe easitek b solve
*can ot (1(.03\’\\'1&0\ Bj oA
I (etognining machines don' need to Reephmek o low any  syebols

-\—\Acn‘ve sen 80 € .- X -Hm-j cnd anyuays bec avse -\—hu] have & Linite
nVmbee of Shades (Limsted w\zmxn’_)_

'EX] L= fwlwendsio all
> wokexk - feee languaqes *
ce Lo\e]v\h,inj mathines are how uluiﬂud wikh a_stacl whin 3;,,“ Hem
o “inEinthe Momnr\o" 4o Leep brack o el -‘-}\gﬂ‘v‘ Leen-
‘ L=%0%"1"|n20 3 sk i ﬂDY\(‘(\(j\)\c,\ﬁ‘_
= dedidable \onguases
* \ecquages Wnad mnunani—wi ‘“‘6 '\'Urin\z] Machineg Which Alway g rc_jua(
OF atLeph any inpuk and Never looe.
[ L= $a"L" " [n20% s WWLh i Non - Lontexd-Eece
- fecominadie (anquages |
P Lanqveaw sk e ru.od(\i'uJ\ l"() T\Jr\'l\a Matninet
b L= $4™M0ud | Misa TM and M acteprs w lehm«

1S vadeeidable ,

Noke Hhat Prore ace al ]m\ﬂvbjc:
wWhich 4o not Cell ins any o

Hhese Cl-kann‘q !



Pact 2 : Compurability Theory

Cnd: The Cnoean=Turing Thesis
~/

Whatis & "variant’ in Yhis

context 7

Do TN vacionrs diflec in Haeic

LOMP\)'\"Bﬂ Powecr ?

How tan we prove Mack o

variant isw) more Powwpu\’[

Whar iy 4 mulkikape

To (in3 Machine 7

Whatig pne tansition Cunction

for mv\irape TM

3.L% Vartanks o€ Turine Machines
~J
— 0 yoriant of e T\)r-‘nj Mochine 15 an atternative definition of o

T\)ﬁn3 Maine | o +~ﬂ>¢ o€ TM™M e} alkers 0ne 0F Lhe ryled in Some Nhj.

= Forex, o T\)l\'nj Modine Haak hat mutkiple tapes ;a0 TM Haat includes on
option bo “stay pot” (&8 well as move L or R ,or kTvn'nj Machine e
e oy nondeleominism

= No' Theor giral TM model and all of ¥ variunks are equivalent in power;
Hat '\SJ-\-\nuj o\\ mgosﬂfu *he tame Clatg pb l&v\avwag,g

—

Similac Xo Hhe velabionship bedween waun:\ tenguages ke )

and Som;\anj\,wju mia\'\\- providl amore ALEident or inthvikive wey ty

(Omelere n ‘\'ns\L) Lud aW\ pF them ave \Il\-\'ma-k.lj e‘\d-‘vu\u\‘\' in Yerms of

What My ave e power to ds.

> To S\sw dwauy L L°N\pu-¥-\'n) models art Lalu?vq\u\-\-,\Nt sfmf\\:j Nted o
Showd YmeaXx one zan StTmyulaxe Ywe odher.

= Ror ex, hTM Py al\ows e 0\\=i\\'\'3 Xs &\-.\n Pt Intlead ofF hu'nJ

forLed kv wowve L or .

* S ¥ransivion funcdion wovld look e © QT — Q xT *{LAK)SE
= We \ernow Hhat Hais Featuce Aoes not give he variant any more power becavse

wWe can Lonverk ony TN (it Hhis “sh\j M" o a regulac ™

‘a\\ we Wave by do iy Yeplace eveey dransition QxT" Q=T « S wikh
L rcansitions ~ one Moving *o the rigul, and one hoving back ¥o Phe \efy.

> like anormal TM Ly wikh tevecal Fapes — eachh dape with ivs owa head

€oc rv—o.dinj 1 wri-\-il\:s

T Theinpet 55 inikally wakten sake tape 1 while de obners skay blank.

= 1o aceoont [allow for ru\nlina,wa‘\-\‘nﬂ, and mwinJ e headd on Ldme dc all of

Pne opes ¢ime \\-ame.ws\y , We Modify to

-¥

. 3 L3 »
new YeansiMon funckion S'Q «x T —QxT x iL)'L) S3 )
where KIS dhe number o fapes. The expression

8la ey, %)= (45 ,by by e L)

Sans ey iF Hhe madviae i¢ in state a, and heads ’L'Hnmvak K ace

rending Sybols qi\-hrw:\\n a. 5

then e mathine  moves do skate '-LJ )wri\-cs s\jm\:els b:LHnmUa\n L’u onHhe

t»“‘tsem&‘ns fupes, and moves each bapes head (,i-\‘utlffnj with tape 1) lefy

or Fight or Yo Shay pot, a3 gpeciCied.



What is o Nonder-2rministie

Tedra Maunine 1

— Theorem & every mylkivape Tvrinj Madnine has an equivalent single~tupe
LWJ:)\)\M‘) T\)rinc) Meachine .
- At any £oiot in o ompuiation | e TM may proceed Aunro\'l'l\j o severa) possikilibies
(nocenal defn of nondetecminicm Fhak wedve seen s» Far)
= The keansition Cuackion is $° @ * T— PLE*T *9L,RY)
— Theocem : every nondeterministic Tvn‘nj Madntne et an equivalent siegle-tape

qu;‘v\nr) ™ rin«) Machiae .



Pack 2. gmo%—abil:\-}’ Thwg

s The Unvro\n—rur"r:j Thesis 3.2 The Definition of Pclcjori-l-hm

What does "a\Svri\—\mm" meanl

Reie & feviawe ©
Whatfs o polynoMia) 1

What is & root?

“\’“3 % we need o Forenal

AeFinttion oF an ‘a\\Sod\'hm"’.

Whalis Hhe Qnoce =

T"ﬁhj Yesis T

J0 whardoes i+ mean +o

solve a preblem 1

- I.nc:.rm\\j spealcing | an alqor¥am is justa colleckion of Simple instrvetions
foc u“-rraina ot come asle,
* Recipes, protedvees — Hhese are everyday Ut " agpeitiams’
~ The undur\-nml(nj of whak an a\gotm is was Foc o 1oag Wme, just inGormal ;| an
inruikive uﬂ,\m\‘na_
= a fum Pt teems, Where cavh M s o prrduct of cectain Variablel and
LoeCCiciany (a Lonstank )
— B oot of e pu\:lnum:u\ S an ms:ianwww\- o€ valver *o eath oE i¥g vadables
SVEL Moy Hae equatiia = D.
* Eocex, o rook o€ is
N
= kn in\-caﬂa] rook IS bna whert @ the vedalle valves are integers (iike alove)
= Bs we knouw, The bosis of this class 1S Phe ™ \ieiks 2§ Vsing alqerithms 4o Solve problems”
= So, some problemt[rasies donot have any alqortim that solres them,
+ Coc e, thece is no a\jari-Haw, Haat can Yesh and delermine whet\er o
polynomial has an integral root.
= ?roﬂc\j Hhat an alqoribam does not €xith requices having a cear deGinition of olgeithm.
= The fiesd Formar definition 0 an algoritiam
= 12306 : Alonre Onordh ysed o nototionc) System called A= calevus ko akeFine
\gquaibme  and P\\av\T\)n‘m) did 1 Wikl Wiy Machines,

thwe 2 duehinitions weee S\own o be equivalent.

- . >,
Tarvivi T\lrfns Machine
novrivn o€ ec\vu\s A |
o\\ﬂan‘\-v.ms \3"““/“‘"5 ‘.].

= The Locmaitalion df an agorithm Saye Mat So\n‘nj a 3'—51“0 prblum s
e‘[":“""‘"“\' teo de.si%m‘ms a Turrnj Machine M Haak decides a l«naua\lﬂc
B where i cestniially 6 ek o€ steings thak coasists of o) the “\,c:"

indkoaces o€ Pne poblem — all the ppssibilities Prav result in Pne ans \,unj !lg_s

< RECALL: Y decides” = a\wq\os an ateepl ov rgju\— D\)\'pv\jm lnF\'ns.



Uow do we put o ‘\{Ls’n» —leks 30 b\l bo bne eXample wiky pe\nnomiq\s = is Huece an ﬂ\jhrﬂ-\nm
problem’ oty TIM. Yeems ) Hray con bezt U Aevecmine whevher o polynomial has an indegral ropt?
= Vdealiy | bnis algovithe shhovld rovuca Hae sex of-al polynomials w
NVON MY WED Was an m*e,-ae_r SolWxton, We canwAareruig ag
langoane D= L w | Wis o polynomial wikh an inveqea) root %
*our alphalek for I\ yould Took WEe T 01 .9, TRy aeked
= Fwas proven Haat D) {5 not a T'vn‘r\:] —Decidelle lanov“lt ,H«wa« i*

(s (et 03«\\'1.5\0\0_ A

= would bt un example oF an ateepted Sl-ﬂ'n)
by ™A
3 .
\
Cxample of o preobiem Yot - For polynomials with bn\\j one varalle like We

i g i
is decddolle ! Can \c\—\c\f\“-vcj(. Dv.\_ SLSh P | pien polynomial over x with an mkdrn\roo\-'ﬂ

S A TM M, Rk deeldes Dy
M, = Yoatnpuy LoD Where p is & polynomial over Prevadukle X .
1. Evalvate p with thevels oF x set sutiessively ko 0,1,-1 2 ,-2,
3 "_SJ SRR [ 34 any point Hhe polynomial evalvaiets o O,
OLlepk,

*\E Lvie ook o p do nok e within the bounde of £k -('—;23—

a2 | °

where =4 p&tecmsia p° G is bhe WLREiLvent W) lacqut absolvie
€ S 3

VB, € e Mae oefCiient oF bwe highest beder jem — Cgjeer.
ok wold o T Aak Y‘tu)ani‘u.g > Similar ks the Tm M, sbuk enly Witk tompanent L unich define te wadibisns
1
D ket o envrer q JLecunh

- \-'leww«.r‘ Tt s no way b1 Calculare bounds Fo enter 9 .—W\\IS) M is

rejeck

mecely  Ce Lojnim«\au..




N\ ab iy anobace ey ample o

a probolem bhay i dectdanie 1

WWak would e fne a\qori¥iam Yhat

solves ikl

How would & araeh e enioded

as a 5\-{(1\31

= P alqoritam (ale a T\)n'nj Madning L) Pak derermine Whelner o given
vndicecked grapw is toncected.
*RECRLL Lome 21D% an dodicecked graph (3 One With no afcows indicating
Averon
S aofaehn is conatcked i every node ton e Teadhed From eveny piacc
Node oy \—m«,\\-na Qlund oy cdees of ¥ne pat,, Basi (.o.l\j Hnat Mne

whole gripy s “one plece™

= Ficst,iers repuose e poblem os o language N )wnsitiing of an giogs

represoning Undirtoed geapht Hnu ate tonnccked °

LUNFEINLEH LD



Pact 2. Computabiliky The_.org

Ch 4. Decidabllity

WWatr ace tome deddable
Poblems Haak contera r:_au\e..r

\ gy Afy,s".

WNow tae we represenr suth

‘problems’ in TM ktmfnu\uav("_

Ewam\p\c € o dectdadle problem?

Whak goes ¥ne \anguagt

ser Loarasn

Whar is & T.M. May decides

d

Whak aloovt e, “actepbance bead”

probiem Cor REA(T

U.1 Decidavle Langvages

— ‘\\%uri\‘\nms Mol tesh aspeeks of Mhe onbomatons Phat reeoantae (:,au\o\r
\angquages —namely | ©FAs and NFAs.

— Focenr, ks\—\'nj whetner o Cinthe avbomaton actepls o Stng juherher the h“a“%"
o€ o gven Finthe ovtomaton is Lmpky , o Aehing whekher 2 Fhs ar equivalent.

= A oF Hatse problems  are decidable — tnere is an G\goatim Haak Solves Haom .

T Lile Aisevsved beore | by vepresenting them os languages | where dhe
s¥cing 0PV | inpul alghaker batitally pevide Some way 48 represent [define a Speci®it
OF R (or NFAD ond s poperties vting & Shing of Symbils

*Hre seecitics of how Ve Au,i&cnj TMs alphaber might look asen't feally
irmpothont Ble we actn'y Y-nm,.\\\_.‘ Mc-cn;n:) i+ anyway

— The acteprance problem - -\-t.s\-In3 wWhetlee o paciianiar DFRA acyts a given

Skeing.

= \We con express s prolem as o langu mac

— eath t\emon\ OF is an mw&rnj of o DEA “"’i Yotr Witk o s-\-n‘rj ¥ accephs.

—

129 is bastcolly o qiant languoqe Mok (ontains frv encodings of AW DF A< (ia
exiskenit) Fogqetar withh earlh of Wt Skeings at ¥ney suect.
- By cxp(nsu’na A Lomeukarivnal Prolsltmas & lanavwac 5 W& e more (o.si\\,

POVE whebhnec or ok ikis decidable — we just have o debimine whetne, Here

exitts a VO bnay decided e \nnﬂvu:\e_.

1 ‘\'!—S‘\"\nj wWhekher a BDFA atiepts a l'«navu!a =

\—esf\—inj whetner is amembes o€ Wnelangvage

= ATM. M= Yon input y Where is « OFA and W is o.s\-rina'.

1.1€ vae Iaevt 18 Nok i bhe Form bE U DFER yEhen 5'\'".03” ;
1. Simul axe runm‘na on inP\A-

> 1E the $Tmvlakion tnds with in an attept state |
else "
— Theocem: l\hpp‘ is dectdable -

= Since we a\ccady heve proved That and NFA N con be comecied into an Equivelent SFA O,

it algo decickable

(F Follows Hnat the \enquage kod,

Thve T dnak decides i+ jusk Conbains One Oacatip wheee it converks He NFA

W feceives o8 fapvt invo an e.qv?w.\:n\- DFA.

* Yre cesk oF Mne Sheps ace identical Fothe oF TM U which decides ABFA.



Wak obovt e e cepinnce besh

Coc (‘{S\J\m— ex‘;rcss\’ons".

What is tne "tmpkiness \-cf-\-l'nd\

‘)rvUO.W\ 1

What is Pae T™ Ml decides
Tocpn {

DEA

WArecnarive T desiqn ?

Mow do we weile Mg idea

inko an Linformal) description”

= Same Tdea, Since we Wave G180 already proven Hab ony Fegilac epression R ean be

tonveryed inkv on eqiivalent NFA .

= Theocem: ANFP. and AG.EX are decidable lrmavmjcs.

= Goc Hne \e.mj\mae, oo Finite avtomation it is the ‘probitm’ of dzhrm;ninj whebhor

or not & Cinite avtomoton atcephs anw Strinasg arall.
3 J

> We can wdlke Haig problem as o lamjvo\ja

T Theocem? B, Landt vws Enen, Erey ) are decidae.
T \Cwe Simply Ao Hhe feverse iF Pne pravious TMY Sheoveqy (whivn decided P«ME hj
ruening e BFA on Hae given inpukSking and B rejeck iF f oceepls Sking else accept,
i \WIW ot wprke
* When o &ven OSFA HYavr M.\ﬂu\\\\ﬁ is o memlee 26 M\,oa\.ﬂ,_ (ae & DFEA which

oS Not accepl any S\—ﬂ'ﬂg) is rva by Hhe TM, we experk e TM Yo

T Howewver 5 Siace

L.

wor'k accedt Goy shring , Fhe TM Lon'k be able by aviomatically

decide bo i+ jinstead, Bae TM wit 100p 00  ~wWhich isnt Lhar we

wank .

- .I.nskmk, W Lan &.u,isv\ e TML ) Ynar Yests

Wiknoul \nmn‘l\J do veloc by An_'j
loput s\odna.

* A DFR acteprs some Shvieg €€ ik is possibie to rrach an Geceph shate fam b
Svrack Stake \mj -\-(o\ve,\?nj q\b\\j e acrows of Mne DFER

(oo Mnor Yot extsts a pa-\-\nwmﬁ— ¢.q-a Sequente thtransitos)svaves — Fom
e shuck Shale ko an dltepk shate. )

* Yo Yesr Mis (ondikion , tan bagin by “Ml\f\bl'l\a" Mac Shack skate & Mnen

Considering oM possilde parvisns Moot cun emerqe From it & none of Hhem
CeLVlkin Fne aceept stake ; Ceject .
A\

= Dan inpot Where

: i$a

1. Mack twe svactk srale of

L. Regrar e Collowing Unwil no New Skake geks macked!

3 Mace any shate thet has & faoasikion orcow Pointing ok ix Fomq stalte

Maaxis n\reaib macked.

Y. Dace tvery state Mrat Lvid be mackeed has been

i€ no accepkgtate is mac\ed

\se




= Decidable problems for context- free languages —
NJ N

Won do we expeess the ‘acepronce

poblemwm’ Coc CFOs as &\M\Tw.ae,"_

Whek i e TM Haodk decides
1

How do we prove Pre shatenunt
T Every tentexy~Free \angvoge is

deecidawe "7

Wk (4 dve TM 3Anax decidey

o LFL ?

= RCCALL 1 CFLs arg qenecoved oy wn¥ey-Free qrammacs ag well ag DA (Whith
ace L,Nim\w) NFAS vith a sStaek).

-

= Theorem s “q:@ is decidelble.

- RECRLL . Wen « gramomac G s o Chm“") Normal Form | any derivarion
of o given input Sreing w has 2xaciy Seps where 1= Bie \engbn o€ .
= ™M S for 1S ="0n Tapuv whtre G i$ & CFG oot v a Shring :
1-Gonveek © boan equivaleat qrammac in Llnpmskj Noomal Foem .
1. Lish o\l decivadions witia Sheps
tercept i€ shen LSt all decivakions with 1 <hep.
¢ any of ¥hese derivakions qunete W, . i€ nok,
= Thig is 6 ¥edom Har We tan pove 4o be bre by desiam'nj @ T\”\“S Mathine
Prer oncwers (akodecides”) -
T \Whak we need t a TM Mat desks whetnee o gven lanquage A is dectdable .
= Duor TM S Fom obove erample con be vsed on 2oy UF &s detecmineg whetver or
Nok ik ateephs o teckain s-l—n'nj :
*We can vse Anis TM in our new T 4o tegl every laput Foc & given CFL
= e\ e & UF6 for A, Todesigna TN hak deddes P we build o copy
o€ (5 tnvo Vike dhis -
= "0n ia put
1.0 TM S ba inpus

- 1€ 4his maskhioce o iephs, AR iy refeds,



Pact 2. Computabiliky The_,org

Cn 4. Decidability

Mhar does it mean For o problem

Yoo a\osﬁl—v\mic_a\\B unsolvale 7

\What iy an eample of an

yO\solvable Pm\o\ngq_

ls T\lr\‘c\zl're.l_o:‘ni-uuh\t. 1

Whak iy 4 T bhat ruo@\"-u-s

Y.2- \’(\dufd(kbﬂ\'g

> D poblem For Which e cannetd devise an wgpeibhm o AL skenly Solve it

> Ae.a o language wwion is not TV"‘"‘J"A(.c.idﬁBlbl-

= Theore oce Problems ek nok even Wae Bull power o€ TW'\‘AJ Wathines
Pn\-\nor\ ekL. ron solve.

TWhen we dae MSplve” o mean destdable T Meaning Wk \"°P"“:] ten't
oD opvivn,

2 Bven € wi ¥eolk “Sow” bFo mean ’Tun‘nj-fbmaﬁ\u\n\/t,-\'\nm are s HU
UnSo\vnole ‘:m\o\«vmi.

= The prololem of Ab\emin\'nj Wi g'fvn'r\j Madnine accephs « Givm inpuy s{-q‘a‘

Tae e Mne Vactepraate problem” For TM ¢ )Ae_su'(hcd b:]

= These 1s no a\:..—:l—b\m— a\tau no TurtnaMAmrm_—'w‘“" Can taveein o TiM, and an .‘“?""M“JJ

ond GLLorakely ,&u\'&d\; te\r you whethaer Hne S"n'hj Wil \ae actephed or Fejected.
= Retall ¥ner we hewe alreedy dekeomined e acceplance problem For DFEAL (Fos,

N:'\-t;‘ and ('13\\\'-" taprissions {, ) , ) 3 o be Solvable.

SVes [l.‘.r_o:\ni-wr; are more powerful tran detfders betavse the TMs dre not requicd
FoWulk Lava dnpose “acetpt™ ur exjeck™) on al inpubs | Py are sllomd be loop.

* Mav requintment Feskritks bhe RSad of l:mauv.T.s e} a T can raoam'u.

- =" Dn input ,Whene it 0« TM and iS s\-n‘r\j‘-
1. Stenulave on input
L. \¢ ever Lhkers IV actept stave, LR ikever enMes kg reju_\'
Shakc,
T e TM U ient o deuder of becavse it doesn'y halk on ey inpub = i€

\o0Ps on JHaen Wil loop oninpv




Heow can we prove Hrak the

\Ma\l 0\.3{,

Does

actepy

is undeeldab\e?

= For wonkrmdiarion, 184S asqume Hhak
s decidakle and bhere exishs « TM wWion dezidies

—> Definikion of W ha\v and i€ accepls
hei¥| and, i¢ dwet ot accept
= Now leks define a new T\ninj Machine - D' alqovitim does Mne \Col\uw'.ﬁ'.

* D baves ina T\)r\'nj Mathine V| a8 da inpul,

* Ly Yren cang Bre TM for ) in ordec bo detereting whak M °‘)+?J+s

when i¥s npvt S'\'d“j is its own deseriphon denpted LMD,
Sava, cal\lg on Inpvl
* Finally ik povpots Hao opposite of H's output.
> N moce Cormal deseriphion of
=" On inpot ,Whece it a T
1. Ron on input
» Outpor e opposite of What M putputs Fom this input. Thay is,

i¢ aceephs | e rejecys,

-%Bw.n.u\\\j 5 Hae \q.ﬂavujq, Hrat \‘(,wdni'l,bs tonsisks oF a\l T\Jn‘ﬂj Madnines
(Sovtousivy given Ia bacte shdng “descrlpbion’ Fore) Lhion Feject PaomseAves.
* Becavse only atlepts an inpok TIM. i inpuy
RAnd, 3 “\‘3 ‘—"iu’\'s i When 15 Con on inpuy
> Now We musk age Hae K"ﬁ 1\:%‘\-\'0:\1 Wher happens when we run
Wik iks owa desuriphion yas iks inpor? Does © aceapt !
= No! Consider +he C‘-al\owmj Cases,
dooes
* 1B D aceprs e inpul LS Haen worksing backwards fom D¢ deseriprian
above, s meansg Hhal hes eijecked ive input jwhidh is
This hen implits Hret whea D i fun on inpvt 5 H

Whion ts & direek Lontadichidn e Pne case s )

Adrs not accepy (ava )
Y oAly rejers ikg Inpuk i€ acce prs ik inpud . only avLepts
i¥s inpot € Whea VA g Tnpvk - ajo.in, & Aifeer Ok radiohon.
D We ten summadie D' behavior ba inpur as Collows:
i [
if

> No makrer Whak > does | ik is Facted +o Ao dne prth'r_ ywWnion is obviov;\j

o condradicrion. Thee®re, neiter TM 5 noc TM 1 tan exisk.



What is Thtocew 422 1

Whak s bhe !

Reoof €or Airechion 17

Proof For direcvion 2.1

Wow do we Kaow Hhak his TM

acty n\\3 decides 1

Whar Eaor s proven oy
Theocom §.22.7

- A \o\nsuhab Fis decidable if cack oaly i¥
IR PN Tvn'na—rt.v.aﬂnimmuo , Ond
© Mot womplemeor o€

y Fis aso T'ur:nj-rr_wani-mhw

D There ace 2. diceetions +o prove —
10 ¢ we assume a \“'“Q“WY' is decidable, prove ¥nek botn & and
are rt_Loﬂn\-‘LAu%-
1- € we astveme o lanquade B oy well asits wmplemint i are both Tvr-‘na-

rrWgninckle, prove Pnet it decidable.

- lev be o TM ¥aek decides B ... alse recognines [t inhertably .
= We tun prove Yaar B —ake ke seb oF all Skrings which are not in = s

als~ r"'i"j'r"wﬂm""*\"\" < o\l we viced isa T Lhion inorporates
and bukpevks Hae opposite o€ on input A
P This 1S e Same idea bewind #ne proof Hhat e womplement b6 o decidabe
\Mﬁu-\\o i olse decidalle.
=& bokn and ace T'urimﬁ-ru_vjni-pnble, \ed and be +ne n_wani'bn'nj
M Coc and respeckively |
2 We cun Haen prove Haak is Aecidalle \“3 du:si::j a TM VL whion decides H1
="on inpot
1. Qun botn and on iaput W in parallel.
(aeo yale ¥uins cimuiaring 1 siep of eadn madine 10 duen )
L.¢ accepts . 1€ aciephs )
= Cvery Sinqle s%'n'nJ s eiMaecin B oor ywlnion means Hhak one o€4the
L mactines (M, aad M, ) will slwous reacn an aczepr skare When gfven
= Dnh becavse halke Whenever oc GLiepks ) it Collows et Q\WA-QS

Walks — and $0 it is « decider.

= Locollary & #he complement \anavajc of A R is nob T\)n‘nj‘f‘-l&jﬁ;‘lﬂub



Class Notes: CFery ol nobalion

\,Q\An ook LLLA) 0 LLe))?

Why nov  Len) ?

= Given UFEGs A and B vie con constver o (FG whith
acLephs '\‘\/\c\qm‘vmacg LLA) L LL®)
but nov ntassadly (LLAY N LLGY | oe LAY

= T isey qavmnieea Yo be a context - lenquaqe b For exy
lex LLAYy= § atle* | L=} and Lj,e20%
let @) = ﬁ_ac\o:‘c“l =% oma i j 2D}

= e Unten BE Pncte lw\jvm‘q.s Wovld Le \aujw«:\c c,

c:idbid ot

Whitn (8 not oavext Ecee |

— chﬂ.\-l\)ﬂ‘,\- :‘f/vm\{-«ak*n be wanteat bree |
= becavse of e Sek nolation rule SNT = SVUT

* sinte wve povem Mar “S AT isn'k pogaille,

»

SUT s clso ned possible.



Pact 2. Compurability "hE_M':AJ

w5 Ledveibilivy

Whex is redvedoility 1

Wab i3 o reduekisn 1

Wy is redvoi\oi\i)(?, impor+ant ]

How Ao we vse (‘ed.u.'\\ai\i\-y in

wn\qu\m.i\:\\( -(-\M»ra?

Whak is Hae " \—\'nj grovtem” 1

\s decidedole ]

WWet (g e (dea Lewind Wnis

?muc 7

5.1 Undectdable Problems Eom Lhnﬂuqqg_w
= The Pn‘mr-u—\j method we Use Yo prove by Problemg are me.,-l-aHnnqllj
Jnsolvable.
™ Toprove Hhak o problem i Indecdidable & <how Pral Sme obnee problem
o\ceady Vmown 4o e underidable , TEAVeLs 4o ik,
=K Weq oF Lor\vt-f\-\'l\) ont peoblem [ ok andbaee problem 5 in sueh "\wk\j
Hrak e so\vkion do e $eiond prolotem { 0) ¢ \ye useh Fd SO\ve Wne
Cicet pro\\em ).
= NOTATIDN ¢ "R is reducible ¥s Jredvas b @™ 2 A 2 B
= Real \iCe of a “redudbilivy”
* The poblem of C{ﬁzlfn3 \an Wh\l Crownd a “*‘J Can be PedVed Lo Hye
prololem o ub\-«:‘\‘mﬁ3 @ magp oF Hae (_;.\_y
The probvem raveling Foo NY 5 LA = Hhe problem of b"‘(\"“j = plane
Hover Cromn NY Lo LA 2 e probiwn of e_a,(n;na MDN:] Fox dhe Wekeh
e pdow B F;‘n:ﬁv\s O.Ao\a.
~ plays o important coie in bokh Computability and COMPLexiky Hatory late),

i N wompleaity H"“’_‘j —When P is cedveie ko B ,sb\v\'nj R canaot benarder Hnaa so\vf:j B.
>LA mmpo{-o\\si\\'\-\/ -anerj —ienpotrant Fer b\assfcn\'nj problems ’on {eir duido\:i\i-\-y.

TR R s mdvable 1 B 0nd © is decidable.. Fren A s alo decidable!

2 i A s vndecidable and B s reducible ke B i dhen B s avso Undeeideble,
'L (G ey to ‘»-wtnj Per varivws poblems are undedidable )
S e problam of Ae,-\umin(nj wherwere o TM. halvs U"‘j "“"PH“J & “\‘\”"\'m\')) oN & Jiven input.

= Con be Aeseriloed by Y, langquage

= No ! We tan use Mae a\mody proven undesidubility of (PRLAWL dnH2) 4o
prove Hhe \l\u\\-\‘nj grobiems vndeetdability by M‘““-“j A_ e iHALT, .
= Peooc by Lontrmckiction & leks atsvme et we have & TowA. whien

decides
* We can use W3S assumprion Yo show Raay is redveible *o

5 \1\3 \)sinJ Yo Solve
L S\A“wnl A\ wX < Wo\d Myen rmp\nlussu\- e
1% a\so decideoble
© Vowever | we k\r;adn Konow Hand Haly isnt drve (Theecem 4:11) % Havs

o comradickion.



How Ao we vse Leohi O
AeLides ) 4o
So\wve 1

Whetr (s Pae Eaalie)
o A"

is vndecidaoe ©

Whex i andver proldem whose,
uno\uid\c\\o:\\'*\s can be P roven

\ga cedvexion 1

How do we Lonshrve} ¥ne gmo(—'-'".

Pow Lan we use

How dodes woere 7

o nelp solve %

= Rerfewt Hae vb of o TIM. & whidh deetdes ic ke

1. Lbaee in an Tapvk oC
2.

3.

OuX put

DOt pVX i€ accepls

3 OR.

= We can vse Yo tes v Whevner W halks on in ¥he Fiesy plaee —

va\ina bnat Mae ovpvh oC Af_‘:o.vse}.; gva\f.'\\j s ¥t %u( vanketd 00%pl\

of N
socr € \"usk Lo S in Wit Linge can immui\'q\-c\j becavse
Would ot be in
= Leks ansvme Fue dhe pUrPdsL 0 o\,+a\inin3 a LorrtradCrion ey TN decideg

e woaskuck TM S do decide ,o(xmi—in3 sy Pollowss:

= V" On ingvx

,an muukihg oC o TM ane, A\an
L guaT™™ & on npur <M WD
e R rejedks |
3.

1€ € acceprs, simviate M oon w oakil iFhalts.

4 i€ M has acepted, A€ M has fejecied, "

= Qearly B,

is redveible o LANDL T

becavie i€ R deeidey HALT.  ¥agn
S decidet B Beeavee Bog 1S peoven undeeidalle , HRLTL L avse mist be

vadecidabwe.
= e Vemphiness k_s-Hna“ problem foca Tu rTnJ Macvtae — the problep of Ae:\dm?i\iﬂ

WWerier pr aoY @ Pt Halae ™ aceephs A\'\s SH“S a¥ al,

We cuwn dencte Hnig problem oy \f.navnsc

CLLMIT O e teney oty M feLogpius is equal Yo “Q"aka ¥he empey lnnavujc..
= Similas Lo e

™

pro u(‘—J lebs conmradict and gisome Hned Wwece does isk o

WWOon decides works \ike this (rovgn deseriphion) !

refelrs every \sina\g possible imput 5’*““3" meani

ivg tangy et eonkains v\v\-\ninj (L= @)

. o TYWA e

3

Eox any poink ik azeaplg SO‘YW'Q“\J s\-dn%.
- Goa\: to vse

= Whea

Fo construed o TM S Wit Aecides

s given an in pud ( S e TM, W8« 54-'“\3) , we Eirst have

W wastruet Gnokwer TML VL vsing and
=“bn tapuk x o
1.\ g ¢

Lafy=

(wikme s-\'r\'n3 ?ni\-’\'n\\\j inpvited bo ) ’

> 790 e og medmine, Ml on iaput w L VE VN aceeds W,



(;xg\ana\\*ur\‘. Hlow Ades

woery 1

Whne 1y Bae £ine P\'DD-‘:

w

Coc is not dedduble” ?

ow con we fove Mned

1S undect dov\e 7

- Qaasiz.u.\\\a » SaY M 18 a TM uhick AoLs Gletph some lm\avm]g
$2Y o€ stRnuc (M is oy emply )

= We eonee yanA We m~d(\‘-~3 Y Suew Wwek it rzjtc\'s evtry s-\-n'nJ
L:m_\qoucx3 Sreinas Haak W aigwd os\m\\\J actepd) except For Hae
S-\—rin3 =~ tis s our T

= ot when Ades read e input ,instecd of rzlu\»im\»l)'\'\' Haen

vas Pae 2.3. TM on inpur ,au\lk Yhen outpvty “aLLt@\-" ice aceepts

= (onsider ¥ Cb\\ouin3 (noes -

Acteprs & \noguane . and

Paen Leromes ¢ TM Haa refecrs every g-\-m\J % G A and sbherwise)

b\l'\' ateplrs x wWwa x =

‘ )id %_ 3 '_‘ XS n°"‘""‘\’"j
S-_‘r\mn\'nls N Dutevts
Case 2 atieprs a languaae f gad

Pen beronws & TM War rejedys eveny si-ri'nj » Ga R ena D\Anuuf\-..),

and a\so ﬂ.ju.\-& x When x =

> ale . a., acleghs no 3'\"':"3‘ and its lomT: aqe is ump\-y‘.
* Se )\'\R\n;nj on ovkpurs
= \Ne assvme \..3 oY i etion Pna¥ TM 2. decides and tonshrued
™ & whivn decides as Collows *

S=T0n inp & 0> ¢
1. Use Me deserighion o6 M and 19 dv Construck a TM &y deseribed Lonpeev.
Paqe)
1. Qun DA e put
> 6 & acuephs, V€ cejents
DV wee o decider for EC . S would be adecider for BN decidec Cor
B\TM Lannol exisk | $b We asw et B wust be undecidable.

= Ceprlenys P problem of -k.anQ Whethee 2 TMS creegvivelent. Let

%o Cac, we Wave been penioy Pt \angaqes , are undeddabic by
Showinb'\-\nu@« ceduees ko each of $hem. To Prove vndecidole | leds ingkead

Show ot redvesde it ... aka S EEO L

> ProoC by vortradickion® 1evs aslume Haet is decidav\e by aTM . o vse

Fois TM A wangirrek o TM Whiew decides



\Aow can we Prove Yok

1S vodect dav\e 7

War g

i e’y Theorem 7

> Proot oy vemdramdickion® \€vs a8 tume Hoet s decidadle by o ™M . 00 use

Fois TM. %o consivvek o TM S whicw decides B
= “"Oninpor yWhere M ig o ToM.
1w o inpuy ;Where, TN =g TM At cefedrs o\ inpuig
Cava, Lemad=z )
e accepts, L\ Cejecks, $°
1€ waCused by Hae Loaie behind TMS |, seenok g 19
= i L decides BQ Aen § dedds B Bt Sinte B iy vndecidoble Lnj

Theoremn .2, ©2 ase mugt be undecidobie,
— Svuves $had any la\r\nvao\‘q_ o€ the Form
,wWree P2 3ome tnuvrivial)
‘)m‘n(\'j *oovy \0\(\3\)“°!C$J i§ Vndeddabie.
= Foc L C dEMM€Af03Hh%cr )

> Cxame\es” -\-c_s\.“nj Whether is o CFL , o dedidolle l‘mfl‘n‘T’W‘m aFintte

laoy aae.




RBvi Comar CoMP 5o -po 1

Due Macewm 8 ,2.024 Homework. D

PdLjo i
L. Ler Mbea TM nar loops '\ndb(-‘-(ne.\-\\i o0 all inputs . No mathke Whatr s+n-aj W s W on, Mowsh

looe Tndefitetly.

* Feroe Hhig descriptiog, we ten eonclwde ety M (s nob o deeider, To be o de.(.id.r-(‘a &Tun‘nj M uthing

MVST nevee (oo p on a0y given foput ) evtey inpey rmvst etk ia Het\ \'\«\Hnj onan GecepEk of rc\]'c_d-

Sraxe .

* The \W“y‘"\'} of M vwhiew \oops b all inpuks & never a.cup\'s) s Ynaen "“'\f-!.w\y\-y ‘W‘G“‘T" LMy = O

* LOM) (s a decidedle language. We cun e,n.u\\\‘ prove this \3‘3 Mari\m‘nj aTM M, whioh decides LLM)
B )
Mj_‘* “on l‘n?-\ W
1. cejecy.
) M-:\_ 8 SiMP\-\j o TR Yoy fLSQ_L-\-s al\ dnpvts. We waow Huay M, s odeutder Becuuse (v never \oop: )qnd halts

00 Lt inpuY. The lanopuge o€ M, 1S alvs P aea LLM. Therefoce, LLMY is decidable,

9.
o) |& K is decidablt, Pacn N is decidavie. =
" AE ) is decidaoley Maen bhere eaitts o TM M whion decides & — Hadk (s, on eveiry qiven inpuv W LM d.eFfM-\—(vﬁ\J
YN v WMWK e nod W is an loment of A Weleasu Hhad b tangrage R consishs of all shaings whidn
oce not en elemind of B To prove dnex N it decidable, We cun constricy & TM M g Haad incorparaks M
M:\_= “oa input W
1.R90 M on inpuk w. 1€ Macieghs | cejecy \€ M re_je_ds,o.l.l.te\-."
PSinte M pever WoPs, My il aever Loop eitve ¥ Mnecelore decides R,
b) i€ A s T\J(?nﬁ-hwjn'na\);\c Jhen AT Toring-reconninaule. T
* The above shatement it onlydrve € A s also decidable. \€ A s Toring-recogaitabie but not decidable, then Bk

not duaranteed Yo e reLogniiable.
* Theocem Y-22. ( Sipser  cmd.2 ey 204) shates — and proves — thaak a \anavs.av_ is decidable FF€ both it and

iYs comnplenmeny ue T\!ril\B—r&tosnhkL\r..

" We have proven in oSS (& indne kexMoodk) Hhak k.m s Tuﬂnl—mu@c-.d,\., \€ ATM were \&o T\N;r\s—n_wsnho\k\s
nen (aLLocd.:nJ 3o TWm 4,227, it woold vnean Pnak A’TM is decidakle — bot wetave a\rcady proven Lin class) dnay B,
is not decidable. TheeeFoce )-“q; Lomplement 0@ the \"Er.oan'n.nh\l. long- ﬂ,n_‘ ’ D‘_"‘ o 1S not rgr.oani-u\k\c S0 v shedevunt is

Fa\s e.



Pvi Comar

COMP 45s ~Dp 1
B\}Q, Macon B )ZDZ\‘l

Homework. D
Pqﬂo B
C.) Fur an3 lunn\n«%& pt) A _é__M E i

* Thig i Calse Reause A‘m Lannot redvct o v, complement. \& Ao

via Mae Same Mmfp"”j redvcon,

P

A’rm )-\-‘nu\p‘ P

WL KApW tMat i€ o \un%vn:v_ A L—_MB and B is Tvﬁna~ﬂuﬁn;‘ba\o\g_,“’\f\cﬁ\ B s algy TVn‘naquQnﬁ,g\\,k,
(Theorem §.28, Sipser e s.3Y.

i~ h‘rm 4__M Rrm  sTnen awond ""‘P‘:\ War P, is Tun‘na-rud:\nh«\o\c (sinte A t_s_rcwar\\'-\_t.\,\c)‘

However we a\(caﬁﬁ \L\Aoul heve peoven that Ap, 8 ndd rv.uzani-m\nm (Yoo H.'L’L,Stpsu— ch 4.2,

T\nexecure) R is net rtdveille toirg Complement.

d‘) & A s decideble and B A) Fhen B is decidable.

° This statement is Palie mnd can w provin false via alimple (_md.‘cknauampl'.. \&+ B be m\\j vadke cidad\e \nn“vnx_ =
Coc ex aenple dae ‘qﬂau'\ﬁ'— HP«\,T‘,M disevssed in class .

e Bz §4AM WDl M isaTIM. and M havg on w 3

* Let A = £|$ y Fhe sk o€ all Seeinqs over 4. We \zasw Mary B £ A becauvse the ‘“’“i\"“'\\“ B wonsisks of
e elemenys LM WD Wi fq&’er\'hjil\?v\‘,&o a\\ possible Stings w € 2,’_ M is also e S'\'n"na inpvt ~Namely , &
S\-r\'l\l mwd.ina o€ n Turin-) Mutnice WA, So all of e elemendg in ]o\n:lvaaa B are a\go in PfJ QLA

»
© We Rnow May Hae set & (s decideble becavse there exishi 0~ olgeriiam Whion dedidar ik — ale, one whivh Lo

-
dokermine Whichner & given faputr is @ memier oF <. A TM nion Yares o thing w & areephs” & w e & LOfrr"\‘]eLh“

LS
i€ w ¢ 2\') is q decider becavse IR putput will always be “accept” , Sioce -\hc\qnau{.f, 4 Lookatos ey
Sheing. So A= &7 (s decidable.

* A is decidable, andk B & A | R is undecidelle. Therfpes Hit Skatement is Fulse.,

>+ The prsE or Bais Hnwrenn was no\-cup\m\—\7 deseribed in class bk BrSva AP\ PR Mok i 15 alen0sh 3 denkical ‘o

Yo peoos £ Pre laiem i A is mm,_m;\ug,i-hu\ N s u:\-h.:.m».\,\o‘; whion \ae didh presont (lecrve Gom 2lo).

Foc Mnak Rason, \ didnt Wik b was mu,sgwj Yo prove e Uaim m\Jsc\F.



Bvi Comar COMP 456 ~DD 1L
Due Macon 2 ,2.024 Homework. D

Paﬂo 3
£) \€ A1 decidadle, Men A” s decidable,  —
° Given & TM WM pnox dectdet B e can onstvet o T M, ot decldsg A* wwwion wonld \or«s(m\\ﬂ work Ukethis
(in Rormal desuciphion) !
My = %0n tnpur w !

L8 W =& accept.

3-' mno\c.\-umfn'\s‘ciu\\\\j e\t e \-\rn'n\j W inbo ety eo3sible Sek ofF subs\-n'njs — ava, every single Way te
(»r\-'\\-'\oq" W ke seqarade pieus.
Foc eacm ser o€ svbs-\—n'mas tw, W, - uv_zg L roa M oon allec -\—Vu_.s\n-n? in Hne se¥ 1R M accepls
| eveey Sring in @ sek, acceph
A€ M never aceepts aFiec reptoding shep 4 pa every ger 0F Substriogy, refeck.”

* Resovrece User: “Closoce Qmew\-iu" aovee Comn Univ. of TWineis °

L. Prove Bk Hae languagqe B2 LER,BZ 1M and B ace DFA: and LLRY U LLB) 3P

is decidaole.
Vo peove Mnar € is deddinde, We can wnshuet a TM M Whith decides it Speci®ically , 0m & given iopv LA, 3> ,
o o oa ev\u:d.inj 3¢ DFAs A and B M shidild delimine wheiber ot \east one 6F +he |ﬂﬂJV«:|os LOAY oc LB
i3 nonempby L\ € Lo i sherld actipt. \€ Lot Langunaes ace emply , M ghoul d rejeq.

To consrrver W ,WE can vse 0 TM D which decides '\‘he,\qnsv:,ﬂe.

Eoea® S4AST A a DFA and LLA)=Q 3 ,
WWida val a\ready Ren peovem 1o be dedidable (S\'Pu_r Ony. 1, Theocam 4.0 ). WM roes ag Follows .
M= "Oniopt LA B> ohece Nand Rare DFAS:
L. Rova TM I oninpry LA,

2. \« D \‘LQ‘LL:\‘S yacerpl.

& 16 D acerpr ) cva Do laQuy LGS,

J. \€ D (L&g;\-s ,actepk. \E N acceprs r‘ébck_”
‘:X planation

We Vom0 Frwx M is 4 decider 0€ B becavse its sutevd is dependeny 0o Hhae outpt b€ D und vwe Kasw
Know ek D Wit never 100p becavie GWA is o« decidakt \qnsvo\o]c_ (o other words, M o ceduetion of

D (M2 DD andk we\aow Mnar Hue averion o€ & decidable \nnguage s awayy decidnge,



RAvi Comar COMP \55 ~DD 1.
Nue Macew )2_02,‘4 Hbmgwbrk_ 3
Pajo 4
4. Ler £290,1% and ek A be any decicdable \an\ll‘-\jl- with alehabel 2 . Pove Paat A< B where B= 200,112 .
We vaow Fnar For Yanguades Coanh Cq i€ Ly £ C, and C o is decidadle , Phen Cq is s decidealle

Lerwm fatlasn ). Since e a\ceady Kaow et B is J\u.iAnLthsmvs\-a\s.\oc. decideMe (if wis Feve e Azn)

B Ak we hevedo pove s e\ (g mkpp(nj-\"ldslr-i\n\:, Yo by Provi&is a compurabie function € Hat
kaves mainput X (X isoshog €am cienabey ) and cehurns ke ovtpuy sheing €Lx) Suthiet
x & ™ ie.C, f00 & B,
Let © be a TM diaar decides A. The Fu\\owinj maching ¥ emputes o redvehon €
F = “Oniopvd % where x is a steing of alghaber 4
1. Qun & oninevd x.
L. \& R actephs, ovrpur OD.
)

3. \(‘—&(‘LSCL‘\'S_‘ ov'\-P\)-\- 7_.‘

=3 This cedverion parves Thar A € R becarie WE can Vee nckisa £ o mope\emenys 6€& N\ Yo c\emenys of (A



Pact 2. Compurabiliky '“‘\e_,ufg

w5 Ledveibility
WhWeax is Mb\‘)e\'l\j
redu Li\o\'\a\\' 7

WWak is o wmpukable Rinction?

How dees a TM zompyhe a function?

Cxameple of @ Lompytable Rndn‘m?

What does it mean for a
‘0”“3\""3" ko be "Mappina -

reavailoe” 1

5.5¢ MGQP“\; Redvaibilivy

= Onew av ¥d Cormalite fe nokion vf rgg\vd\,(\i-\-y L(Ed.\lu‘nj o0t problem o
anodner) | || e 9. “R is redveible ko R”

> There ace several Ways Yo Forenaliwe Hnis nokon) Meppay redvabilivy is one
\\'\Apol o€ redveilsiliby,

DR 2 By mplig fohecertly Hno hep .. i ey reavililhy
isa SQL(_\D‘\/:.\)(\@\"‘-A wunte ofF aonu-u_\ (‘eoL\I(,\\;\\»\'Y

SOEFEN: o Aeckioa £: 20— 2 (2" "2 e alphabel gy € bakes a string fom
e aloheber as irx inpvt, & 0Vkputs seme Steing @ well) iS o tompvradle function

1€ dhere exisks a TM M suev Moy foe eveey inpud ML) 2ads with [lnalks

withh Just £Lw) onihs dupe.
*MLw) = " cuanta g LSRN Sheing !
nd {3 basically means Phar Poere i< 4 TM which can tempvie £ ~- *'\nq\-,a\'w.(\

on Tnpv )H’S Cioay OVTPVY o Mne dape i FLW) .

VUnitke when vn'nj & TM Yy solve alanguage, o T WA Cor o Qunckon does not hatt on
an Nazeept v Meejeet shuvre (o Hhon rebura ik output)
™ Laskead, it compuies oy Shackiog with Pre input o He Ginchion onthe fupe | and
ha.\\-inj With dne “answer' t Hae outpet of the Fuackion ondne Fape-
= AW usuel arMameie operations on 'm\-e.;ulrs afe tmputrable funchions! Foc example,
e vpemdion
*We tan creade & T Wned Falkes GS its inpuk and returag !
- BDEEN:
an%vcusg LRRTY maggmg edvuble bp la.nj o B jdenoted

R & B if hece exists a Compitrable Ponckion £ : I 2-
VO Hat Fur every s+r\n3 W,
wERN &= £(WEB
raea " fuc every skdng W, w is an alemenk oF A i€ and only i€
Fw) isan glemenk oF .

‘The Qackion © is Wneq called the reduckivn fom B o B,




Whak is a Al karqw\ r!.?\’e&x\—\-n-\dm
oF Evacrion £ r(d\ldnS A

Yo {9

£

/\_

¥ ¢ Shovldk bﬁﬂJ elements b€ A ko B and lon'n:] non-elemtals of A ‘norinkp” & .

W\ ek is fne point o% o\mup?:‘\j - A M'*\’P““ﬂ tedvekion o6 P4 B provide aviay ko convert Tﬂ&‘Huns abovt membership
redverion? fesking in B ko membaeship lesting in B

T 1€ one poblem is mapping rtdvcidle to anotner, Previovily solved problem we cun

en obkain a SoWkion ‘o Yne Dj problem !
- a Mupeing redy "‘-\“"\“‘3 it ek ofF & dranslelion ! a way Lo dransiave any s-\—r(t:J
S-b. i€ Pue og shngy isin A pen pd'CuMinj Hoe Fonction prodvees o dansiaiton Whith
is e &
*Rod € 4ne oy Skeing i notin R fue beanslation shovia Aok be cnelemmt of B

How do 4oy vse Mapping rdden | S, A S B o test wleMier we A wevse e feduekion £ to map w e

ko ¥est membeeginip £w) | andBen Tesk uharter WER.

What i« simpte exameple of el 5N and led

?‘-Winﬂ & Mmapping cuwe.c\ai\f\rn'( = To twouw Mred A L. B, weneed ko define o Eunchion whose inpve and output
IS o Skdng and where inputs from B rust bukpit tlements of B und inputs nokinf

MUSE ook Puk e\ements nok in B.

- forn]

* it Lempry 9,{,.3) 1 ceduen Lor anyininy else nokin )

. ~ Pne Gk Gnarattes [digik in H-rr.\j should be eqvel o
1 minvs dne 1 cV\or{Aiai-\- in S&n‘ns

(basicaliy *Elips " Pne 15* Aigek o6 1 i@ RS O thbenmai 1 B viteversa )

* rexorn
- * need bo prove botha directions .
1) [0 hen !

>

Ok Srarks wita U 5oy FO0, 1 will Sback with o 1. Thve

% 2
i€ ,\-\M-r\ "

* e x doesn't Steck with w will not stact with a L, Thue




eene: How Aves Mapprn = We ave | oy dnis poink L definitions of redveibili
PP j b 3

vedvereiivy  @iv inve bne Thea 1. (seneca) rcd.\)(.'\‘o'\\\'\-\! y&-9. hzeg
W& reavdvt Wiy as awho\e? 2 BEFN i€ M is redvcibly o B Haen gven « decider ™M for B we can dﬁii%“l
wreake o Aecider TM For A.

tak.e. i€ B ig deddable ana Reg , R is alsd decidable.
* e A 2 yndecidable, tnca B is o\so undeddable.

= CXAMPLES (cecon proses From .St

T REchLL Fwlo HALT | Maece is no way bo make o dectdubie TM
fur Ay, becasse it woold be ak risw oe \ooging on any given inpvt
— Wit acless o o decidker oc VBLT 5, We can avoidthl !sgm\vnp\ﬁlaﬁfnj

inve WWLY_ 'S decider Yo &< qure ot whetlner wll gk ot all.

= S\ONFIORANCE © M\«Apim\ Shruveqy Forfn;v\'nﬂ Some ‘MJWT‘ 1S undecrduble
is Yo S\ow Mjed Am redveet Fo it (via a contraditkion provflive in Mne ernamplty

wan5.1) siowe we b\\rwfl\s aow Hrad Rran is unded dable.

1. Mapping redveibilivy ce.q. A = g
= DEEN" B (s muppinj redveible ¥5 B i€ Maece exidds a ompvtable Funchon s.b-

v stingw , Wwe A & L) €8

> LMPLICATIONS: when A < @,
TAE @ is decidalle, Hnen B is dedidebte ( )
Ti€ D is undecideble, B is vndecidable

° i€ P ig noY T\!r\'n:rrf.wsnhoda\c, G ig ndY fvn‘na Ceiogninable

= SIOWFEIGENGE: \© we want be ke an otn Sk'bnjcr stalement and prove Hiat Some

is Not evun Tur\'nj-\’t\.l’anl"l,o.\.lg s e MR?I‘S 1§ do how Mnad the
= ) s becavse

is mopping cedvcible to & (a.q. -
isnk YELDQn'\uble .

\MQ"“?’
\“‘Q“‘el"
we a\muks now] have proven thak

T Thmt & R 2 B ard Bis decidable, bren A i< decidable.

WMk i« fae Qroof Coc Peorem
be ¥ne cedverion Com B s B . Ne can

= Lex e e dedder Foe B ,and

5.2
oastrver & TW whion decids A as Collows:
= “oniopwt
3 Compvie
Ll WY on inpuk and output whatewr outpuls,

“Step L Wi\ prodvce a s'\-rins ) whida

will !

_) we ki, neaning wewank N
is €8 30 Wil aceepritand will outeut whalever I\ does —aka
]

- w ¢ A,Nanina we wany N = : Mep 4 prodvees & s\-rinJ ¢- ]9 r‘-s‘-\‘s ;

explen akion




How do we pove Haak m\MJ\a\mjc
s Mmopping feducille v

aoo ber 7

Whet is anotinee Lamp\L oF

@ W\O\ppinﬁ (‘e_dvc.‘\oi\ﬂ\/?

How 4y v Creake o funckidn

o s..\—'\sc-ﬁ s condition?

- Vo show Hnak 4 \amauf..c!g, Y £, B, we shaer by kssumn‘f\J e we heve o de eider
TV & for Q.
- mtn, W eed bp evnshvek gl kecider TMUS Coe AL We do hig bj C'\\\ina in/
“wmp\b\‘:nd' nis gpecific Yemplare Goc S's definition:
Decidee & For oninguk % L
2l Cotnpetle _THIS {3#ne Pirk Wk we need 0 tmpitie |
L gun T en Y and rRhum iks ovkgut.
= The port of baais “demplate’t Mk ue ave bo chu'cj is Hhedebonls of fhe redvedion
Fuoerion LELx) itsenT — ak.a, ¥ne devails o ¥t trancladion of elenenys

€ A Lvo L\evmenty Tn .

D RELBLLY lneh 5.1 we vsed & “3onem.\" redvckon Fomn k> prove Hnat
is vndecidable  (Haat e )
> WNe can Alsy demmongtrare baar Ac & THAUT 0! To do this, we mush
presont o Compuialde fuackion £ dhok takes input of e Form (e, the
Focencr of dermats of ) yand retueas putput o€ Pine Formn y Suth thet
AM,w> € AL i€ and only i€ <MW D ERBLT

= REcALL:

s aninpit AM WD is € 8 Hae TM M aLcepts Steing w -
TAmwd> ¢4 1F e TM M eithner rejedes o 100pS 00 W.
*an input M WD s ¢ i He TM M halds upon rg,m\,‘nj steing \W. iY dRSn'}

moddes nhetner M accepts o Cejetts w ble oot oF Haoge ienply Mok M Wat halted,
LMWy g W e T M 1oops on w.
= Prom Ynee shodumenks Alone ) We can Srark 0 522 lhov we Might mag Me
wements o€ Rran b HRLT
= We ated Yo design avew TM ¥s map resviks fom *o . Should
WOCK= (ke dais @
*iF ¥e og Modhnine awsets o, thea ¥ Shonld alk on w
= i doesit really makker whehner we dedign I 4o “aceept” o “(‘z,ju:\-"
in thig Stnacio jble eifir of +4ose Would imply Yol hos halled

aed Phus would Be ateepred ey

ie °§ Mathice TN o¢ lo®Ps on y Paen ¥V gwould loop (so #nat

B WIN b cejedcd by




So what is our redwckion For

?

What dots W, \aﬁavnat

ey

How con e eove ¥aak

P 1

ot i e our comerinisie

Fonction 1

W\'\\S dors Inis reduckion Wick. ?

= The ?o\,\uw\‘nj mathineg Gompvies o cedvction
= “On inpy LM D1
1 Construck tve Following machine M}
z'sa inpvt x °
1-Reun on x.
e accepts,
3¢ rejecks (or loops —his (s implied) ) enkee a \oop. "

2. .

= The prollen of derermnining Whckne 2 Turinj Madnines Fesognize e same

\m%vo.%b .
= Goat- deise a torpvhrarit Cunerion + sk, x € e fuy e
> RELAW:

= Novie el in dnig Gramele , bor ootrput it oF e AiFRmat forer bnan ove

o pur ! Musk Fake In dninpul o o Stngle TR "7 Leva )

J
bu¥ odrpur an uu_pd'mj 0 3ve Pormat of -hm_\nnauo\%c EGTM SHhex 'S st
oVrouxr 2 —\—\.rir\z ANacnineg

£ yWhere x= LM |

L RV [N cl.v_surc‘,l-ion IevxLoal\‘nJ ofF aTW  co%urn D

2.
lex e mu\md-ina 8¢ a TM jand Sex z
”- v s (1]
\ek be ancnt,mkif\a of & TYWA undk ek = \r:.y.z,\-_
A
feurn

- AMD € Eran ;0NN means Hook o langung o€ N LLM) = 0
T Wi oekpuy LM oD vhere My=M (So LW )=PB) and M, =
o TM Who alwews rgecks (o LLM,Y) = @)
TTerPoce Lem, )= LM, ) and & l'
--. Lwm> ¢ ETM) Whith means Hhar LLM) ie not @

TML=M osnd LLMDIZQ oo LUM4) 3 LUM,) %o ¢ !




HWou can we creavre o

(edNerion € Cor
1

\Waak is sur fiaal reduckion + 7

How do we prove bnar

Nepeitg —redvess

)

— No¥e Haat'
= We neea bo createa redverion Cunchug £ ey wmap: ke so!

sk eMwWYER L CE AMDEE

(Fades an Ag o ~Cormed Inpur and cevuins &0 € Corma oWt Lhith as e Lan set

iSa single ™ mwo\\'nb)_
(geaecul reduttion) in on S

> LECALL et we q\f'too\j peoved Hnak
WhRItn i3 a “modiCied” Foem 88 input

(see
™
S

2 R&

Ern‘s decidur's ovrevt When ik can on

Okeg Lk bﬁ‘G’\) l:\j u'ta“nx a TM

depted ,fejected g yand rejeced any

rt\iu\-x

i€ wteephs
(cegortiess of uhetrer ik ita pack o€ LULM ).

A0g QuF iinto iv Wat fan'h
CALL Her pur Final reducton Amé eTM tave\ved cu\-pernJ e opfvs'\\-c. o€

jaka Hne O"Oﬁ\-e, of ) O\ we need hy

* Since we ace now '\-\nh\sh wae ko

4o 18 redvra g€l
fead ackes pg bR- 69 i wotused,
For an InpUr <M W S (e Map ovt e postible Loses

— Bace Ay
oM oarprs v — LM, > € By > aerdte ceturn o nontmr\-y ™ M

to twar M € B,
2w cejecks w — {Mw> g A — needde celurn oq emp\-Y T™M M s

et WM & B

* leh be o new TM degroed a8 S0 -

= " on inpvle X

l-]cX¢ S .

L.i¢ y = P fe e og TM oa WL i€ M aewpls W
* (etoen
= “"3 ums‘duh\j e possible Lases of apeyg € on w given
* " Qorwocd Aireckion” !
ateepts w (. € Y — Geeepty W — is Nonemply Lo i atteps
&

o sk W —>

*“oukward dicedson” !
)M sk Nobing = 1 it emety

dves nov atcepr w (.

= ¢
KA Y

. anTl\s Aewn ’-—mefv"

¢ opewev @3 atwna




Con 1'% mpprnj

Tedvied Vo 1

T< Mu‘)fif\e& M\ld\\o'\\i\-\( an

CC(\)'\vc.\v.n (7% fb\n.\rion-{

Whedy e»oe,r\-i-.s Aoes mf?‘“ﬁ
Ca)\vc'\‘oi\i*\l nave

= No.

D RELALL Mok in dnS. 1 we proved Hnat — War tan e
» j&wx&\\j cedveed” W ,uViun L proved 10 order = Ben peove Pt (s
vadeciduble .

*Did Wiis ),5 using an (assumed ) decider TM Cye A ceeate & decider G

? Theorom: Nz  (6C A 2B (ova r\tqu\‘l-hjkﬂ‘\nsh\cs)_

- A s<ume bn wnlradiztian Yhal L P«LLOP&\'AJ +b +he Thm.
0oove | Hnis means Lhal . F\cw:—d\'nj 4o Thepem 6,29,
or languovges BB wwvere Az B | iF Bis Tw-‘nj-muonhal,le)-l-hcn A
is T\JRAo—ru@ﬁ‘L«b\e. We Knouw Racy is Tun'n3~\’f.w ninalle Cproven
SeEaCAYElY N fetiopoie ) T WWiUA would imply Hat i$ also T-rewgnitstle .
Howewe wie Nceady Know Hrak s not rgprinable (nokes pg-bs) |
Precefore | Fhe dhetement is « tontadichon P"‘"’;“O that
B iy noy Mq‘.p;nj—-redvdu; N

2>\Ne.To be an equivelente ﬂ\«'\'ian) an ppecation oy bo y\HxFJ Y erop«-l-\‘cs - r‘d:lexiw,

Symntkdc, an d yennsitine . Mapping Mvak\'\'-b seXisies 2 oot of Hhe 3.

= reflexive © . Cor aay l\(\auue&(’ n,REA D RLO=x
- cansikive . For any \unluajbs AR C ,if R B and B% C Hen
AnN<=l C

e Be ¢ by redvetion §and B2, B by redvckien q, We can creke o Tedverion
W & Az C by lﬁn.v?nj W apely redvckioes § dnd £, Lontecokively .

T Symmertict No, € RS B we canndd ass¥me dner B R




Midterm 1 S\-ue’s\j Guib\e.l\o.g points

Decidable probiems

U ndesidelie Qeolslens

\ I\ (?-LDST\'\'L&L le

-

DEA NFA, (R 6, R6x DA

EQ

DEANEA QLR (F6, DA

b

Perobleyn

™™

™ . Peoh . Theorem Y12

Svmmey K
P ‘\'rvv\ = Q” TV )\)‘D‘\JTTV\/\

B 6EQgp, ek Pns
P s R

R =

TN Zaa H“\’TTM

T Brm =, Crm

DA NFA, CE6, Lex, Prn

PﬂuF

\

A\'Aqbnn.l:\—u.\-\-i on

Afw\ & EV\—\

R

“m‘:""%u)

™ S, HALT o
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Midterm Review
Whar 1¢ ComPUSS avout 7

D Hae limibs of vsfnJ &\Sof?\-hms o solve problems,

—> code s like P:\-W\on tode, tan u\\-:m..\uj be dranslared indo qun'nj Maine ... TM X PU'H”““
T DFALNFR PR CPGs are ol “Farmal moders of o\quithmg  (simplec pnes)

- “SD‘““:! @ problem” X o.z.czp\-cnj lrejc.u-\‘nj o st-n'rlj

.1 RQeqular Lanquaees
N ) A )

- V—tg\u\ar lw\yn:\c R lmavaﬁc i aceqvior w«.jvc-je, 6.6 Hnece axisks some, DFA, WFA o n:gv)nr trpression fhat deseribes
.

= Qegoluc expressions, DFA s and NFAS ace al) equivalent in Yheic u:mpv-\-\‘nJ fower.
£l

T ?f'g?,f"':%:‘:or L requier \m\svaju Aoand B,

: is & regiac lomavmag, ) § areygilor languoge &:::‘:‘::::‘:’ :‘:::j\‘:\:*s:::‘:\;
. 8 a requiar “‘“3"“\1" Y 8 e requler \"“Q""T’
WSa ra\e)v\-.‘- \emaua:c. :
—i€ 9 > g ,and if req = rei\ ... S5 if req, then alse ... and i€ is "=j.*"¢'\ s
asd ceg.
(‘u:v-\.\tr\- ‘o « e PrereCore is rzqw\ar.
kgjv\m- Opecations
N Stac op q\wq\’g
> Union: AVB= % x|x€ac xeB% = el e
- (oncarepation : kv&=ix7\xe4\a.\d3eu3= )

- Srar * AY = ﬁ_x‘x‘j}___x“_ | 20 and caern x,eh3z1¢

- Infersection i AR = 5, | x&h and x6B3 = .- basteally all dements Jhak are o between e 2.
?«.3\1\&: Expressions

- DeeEN exprssions Aesui\oinj \mava%us — whigh are jus+ sets of s\-n'nas 0

- = a ey, expressivn J\esor(\aTnj \m3

i = loaguase o€ an ttrings z.m-\o.m:n} “ny # oF Og

- = -- toncak. symbol ($ inpliciv.. . lo-ns. o al ;-\-n'nss Phat bc\cl-'n Wl eiver L or U, and prw-u.tl

&o convain a.nn # o Os.

+

- £| = Hae )hnjvqag o€ al) S+n':~q( of any \N\al'h over The ol phabet



.2 iReqular Lanquages
g hJ
Deterministic Plave Rutromata

TDEER: ADEA o S-hvpe (28 ¢ F)
= Example IN-EN

Coc \an vcﬂb
4
= (o)

L 2 y D , ) ) whhece Q Q
Bl — () —=— —=
2. = iOJLS \/

3. 0.4
is deseribbed as f )
| © 4
> .
L I PR ©FEA cvtes ¢
%, Uy Vo " every stave puskhave exadly 1 exit tansiften accow For each
LA S
1:3 (L'L 2 Poss\\o\t inpvl sn&mbo\ LC‘:I\ be 1 acrow SVFCE(A‘AJ Tor muly, Sqw&»l:)bﬂ- Cannot
Y .
1S Mae stack shake, cnd havt & srate Haak A0SOt hewve an exitaccm foc Some Symba).
R TR

— Tconsi¥on funevien: oK Q "Z_> Q

TN a Stuve (awe Stme elemear o€ Q) aad an inpuk suM\m\ Loka some clemend of ﬁ), the butpt/resvlt is o State (e D,

NondeterminisHe Finike Ruvtomoata
D OLEN TR NFA s e S-bvpe (RE)8 ¢ ,F)
s A NFA \oasica\\j o DFA excepd

a) we are allowed Yo have £ as & Symbol ,q.nd

b) fer tach Symbol S and Shake ¢ | any # 0F arrows with Symbol § Canleave 4, — av e no arrmws L arcow | or vpto 1@I
b atrews | P

Gecows, Wwre “IR1” T bae numbee 3E skates i the NFA.
> TeansRon Fonckion: 3 Q xi\c—b PLED
* Gien o stuve % an npdt Stpabol | e resulk is Some element: of Q). LR iy e power seb oF all possible Sobsexs of Hhe seb of staks G
Qo fhe resoll of dhe Fueekion 18 one oF Hrse Subsets — ava one oy e themenly oF PLO)

T When 2 pusibleacrow cneius b Goliow, mackine "spite” inky 2 Lopies Wict Follow eaca o

= lervieria NFA vo OFA 'Y See notes.
3



.2 i Reaqv\ar Lanquages
g hJ

Nmrc.«)u\ar La«jvajf.s % e Pumpinj Lemma

= Example :
 Ponpiog Lemma P I® R is a reqiiac language, Hen Hece s a numbe P —aiea sho prmping Knghh = where for ony R
io N Ghere
181 2P (e lengtha of § iy ak lesst p'),
Then § con be divided indy 3 picLl.slévLSM'\j‘,

St dne c—u\\owé\nj wnditions are Sa¥sCicd *

3 for eavn 120, xy'z €A

'E.S.J;F 3= 01 Hae )(31_'-‘-)&017_ 9 MEP XD‘LDIDI‘L.,K:] z=xz (' )
L. \\A\ >0 (HIW. ‘tﬂa‘“ﬂ of e \3' SvLsHl:j is :]rguhr Pen O)
3. lxul £ p. ( bhe Subekangs '.\'e.nd'n' toqether ace ok longer Pan “\‘-P“«\\ﬂﬂ knaH\ )

~ Row +o yse dne pvmpinJ lewma Yo prove alang. '@ is nonredv\ar'.
1 Bosume faar dae \h'\j 8 ceorion fnorder b obdain a tondrediction
Y Vse bne f-L. to \J...N.Mu' & [pueaping leagth ¢ sk an 5+n~:7, in B whith ace lengih 2 Can o punped”
Lloasically asscet inis clatm in order bo lake onbradich ib)
® Find o Specifie 5+,;,,J whithis € B where ,but which Cunavk be pumped (“vadne 3 tondikivas dhove
Con'k o sa¥isCied). Make un assertion Goovt Vnig sheing being vopumpobic Ll povetin nexy skepd.

1 dorsnt wave Yo L, a SPUJ‘:I'(. s-}»n'rj )y canbe live ybe we Knew Maet 1S\ woutld awve bo be 2 p.

. (hl\l-\‘nj wnditions

y.
Demonstrake ther § can't bo puseped by c.-nsid.cr:n_, all ways o¢ d‘vi&-‘f\J into
2 and 3 in\-oulm‘-:

S.
For eavn poten¥ia) 'division’ of €ind, avalve ( St e &\'413

= To see example o€ o formal rvop, see WM 101
> (1nCormel) proo€ EXL prove Yhat (b [ oolyle av most A as oy Os as 15)

* Assome Yo dine Lonkura Moy s m&u\w- & Yavs cobisCiee Yne pol.
*let f be Mne p\lmP\-f\j \UAQL\A % Choose § Lo heinne S\-n'r§ 03' lr
(Foc ex, i€ p= 2 Hren s = 00000011 D« We can showar sieing $=0" 1" Cannot ke pmpedt.
" Woaus Lo divide S and hew 'H""j Convradicr the pl.
W Consisks "“lj o¢ Ot (&rex, lek p=2 Haen ¢ = Do BLOWN L x=0 40, ond 2= D0OOU since lxd\’zl.\
" No mettee what @ i, i€ 4 i stmo o Os Hhen e sting xa‘,_ wilt have more, Pnan 3x e Os w3 1s 6nd Precefore
wWonlt be & twmber of A viol M-\'n_-)'“'\b P-L. condition 1.
1 JGm-cx) e v: 0 Hen ,5"7_ = 00D oOCO 1) ... U= Tand j=2, T % 3(2)
T\ wnsisks oaly oF 1 LR ex,le¥ p=2 and = 0000001\ | X =00LOOO, Y21 221 )

* s s\a\r\-\-?na of s c.\r:s.rbj violates wodition 3"'“""‘"“4 Yo spiY § $.b. a"“ and l“ﬂ\ﬁF

TT Y a3ists o0 Dy ank L — Qb vidlaky condidion 3.



.2 iReqular Lanquages
J hJ

Nmfﬂju\ar La«jvajf.s % Hae Pump(nj Lemma
- \')os\m\llﬁ , Bor canty possible Msplit? jshew *"“‘"%5 violele ot 8wt 1 of Hae 3 Londitims.
—? Like ia MW € Copo, prev fn\ag‘ We can ahL\\.] even Spit s inve 4y s.b. lj 38 Wt 2erveg, .. He v~ divisions ‘\H"f'h\-';lﬂ“‘a diminated
woarid ¥
Ple of tord. B . Weren wonsthe Haat s‘:\\i\- % $hhow hdw it vislavee eond .4 .

= lAa e Proof | we Vave 3y a‘nw“;u. /shk that We don't knan Nhni-p is and ar.."rm..omfj" 1 45 be SOMe Nmbder,



Chh.2: Conrexy - Free hgnauqag‘s

- C/Un‘\'tﬂ-\"F"(‘Lr. [Andv;\o\‘e, AL \v\f\:]auju whith won be I‘r,(_oam‘-ud L\\J A CF@ ot o %R
T CFG % LOn be‘u'\v-\\oné- N wMP"'H"‘j powes .
= Aan ﬂ:)v\m' tangveses are alto tontes Frer (bvd not rwu.lsori\j vitce versa)

- EX: ... CFG whic auu.(r.\-u

Context Free Corommarcs

- DEFN A CFG isa q“"v‘:lt. ( 9 P )_‘w‘*—rn

1. s dne Pintbe sebof Varobles (e )

2 2015 e B sex (Qispink Fom V) of deeminals (oleon inpvt alghabel)
IS 4the <er o fvles Le.q. )

u.

1S Pre stert varielte |

= LeCmos+ Devivation be_\—iw'na -~ s+n'nJ Erom hlirr.hme\r S.t. ok Q"""j Shep, jou A\wmjl np\nu, he \eCbmosk Vardowle Firge
Leavner maan Just r'mmlum\\g b}

- o .
ﬁm\o\ﬂuuus Grammac @ A ramer Hnet can Prirate Hae same s-l-oc.-.J in More Yhan ome uay —aven, vt exist Lor
moce \t{\ﬂrmv&l‘ Aemiverigng t\et -lw“\-u e Same S-\'n'n:s.

© Nov every ambhlvov\ gramonnc can be mediFied Yo \n{t.mv:dr..l iohy an Wmhiavuv.\ Jl‘dmnnr) bvi S6ML can .
- Thw\: ) DA can be tonveried into o e,.-c,;v.\e_..\ F o (e tn. 1 Autes)
- Cz\nomst.\j Norpal Form: A CF6 is in ONE i€ gm,j rvle s p@ +he Corm or , Wheve 62 and\

y 3,0 6N Lencept Booc can't be Hhe skackvanalie . A\3o, e cute i§ allowed (FF. isHne shart vadalle

[We R\s G- a0 ONE efo

* dhe staer vacable Cannot be on dne r‘ij\fd - hand Side of a rule
no  “unik rnies” gllowied y O%a where flay s, i$ :\"SP as;ﬂa\g vadiable (oe B Yo Snovidk Uit regloce it w/
Whatrever et var Poir\\—g ¥o 40 eliminate ¥ Y middle Mmon'

- EX is NOT (NF Lot \S.

Y

e BHS o€ o rvle can’t wntuin o lombo of Serminoty 3 Sam\:nu Le-j ) —cen saly be al) derminals or
a\\ Symbols

it fhe RWS iy madt ofF ‘erminaly ,'.+ tan be Mo 1 -kafw\;hh\[?‘

it Mre RS is madedf 53“"‘"‘%—"\' most be emmT 2 symbols (oo more 0o 18ss) . .. 12.3_ and NUT slowed )

= (Thwm: eviry CPG can be tonverked inko chomsk:j Nocmod Focm



C&hin (..Onm -Free hgna\lqags

Pushdown Rutomata
= Twels vihw nondederminishic .

T« PDA iy basicalv an NER Wik o Skeck,
— DEPN Ca DD s (0"+v?l<,CQ)£-,T‘, $,%. LB where
1. QA = gek of Skate
2. 7 < inper alphebe)
3 T = ¢hace alphabet
* [Teansivion funerion t| §7 @ = LT — PLQxTY
* dakes in Hie tocfent steate, bhe next input Symbo| \x_iqs read, endHhe current stacke S ymbol on tep

o e Shacw (sine brar's Ve only bac Whith can be rtad)
i‘s_x S+ e... 8L xe = T ) indicates a movethe POA makes Wl Na.dfnj an -'npv\-&\dmho\
(e a avtomere move dve Yo nonde ter minigm)

T xTre L 8 (Q 2% L) indicabes o movemude Ve resding lava POPPing) o skack Sy

" ovkputs dhe power sey of possible Neek moves (Sine noncket erministic)

*uen possible “nest move” 0 Stave (blc PBN will tither remain ok wirent Shale of Move 45 a new one) unel un

sracke symice) sindvding £ (Ve POA may Lor may aod) wetke some dew symvol €Ty onto thestect).
2 LEQR = sharr stade
b F ¢ Q = ¢ek of accept shakes
T Yransivion funchions in Shave o\.\‘uarom: indicaledh btj RJL’_5 ¢ whece
TS nexdinpur symbol fead . (€ AT g s v avtomalic (nondeteimmittic) move Lunj Made
1T e gyebol LIty o Yo oF Mne stack, whion &%T*?'Mﬁ ¥ ceplaed by <
(e v-= &, indicabes o dransition pnade Withovy POP?{“S fms\v\inj U'&Jc-b-bs.\q(_\'_)
‘e T e Syol Hak may ot ‘wshcol [ l‘op ¢ +he Stack- as Pacr e feansition.--1.€.C. Hee (ecent hPs‘:\"‘"‘" is

b
Ge o= € indicares bransition m=de Witouy wshina, r—ﬂnﬂm‘nj ook ¥\ve (racke)
™ a,L ¢ 1 upon r:u‘l.\'nj o, Hhe PDR pushes ¢ oMd Hhe stacic
a,b— ¢ < upon (C&djl\B &y HNe PDA oops b m e stacwe bur- Pusht,s nv'Hf\?nj

a,e— T oupon rcc\lh\j ay¥he Shaex doey net (,hy.ngg
vpon rm*"n} a, i-C.F, bhe ucent top Sack Sjmbbl it 4 b Phe PDANen pops b ot ¥ poshes ¢ on o Hhe shack

1Ll

25— C



Ch.3: Unman-'\lmng Thesis
Tbriuj Madines

- '\MPH:—'\'\\J detecministic (Foc now )

e Fea\-vns/ \4_95 poinks !
= & rnoded Ul Lompulation Clike DFA PDA¢ ebve.) — 3023 Fom share L0 Stake ) Wrhaing 00 accept Shate ete.

T Like o PDR excepk inshead of o shac i, hes an Wlimidedd dape Fhet i can eed Waite o, & mow aovnd
WO Cestaickions
T Whnek is LR about TM vecsus oHace Qvkomations
' Con boh wake to & read From any poin} on the unlimited +ape
' hie read-wite head can move both 1e €L & gt
T WWhen T enters an acceph or cejeet state it tales ffect immediately ek need by Wit il td  ivput shing
— Transihon Fonckon :
" %, a) =Cq'1,_,)=_,)—-> T7 if4he WA tutrentiy in Stoate 4, and its head is over & sqvare 1] Symbol &,

e T moves ko stute g, ceplaus e Mol with "%, and mones tne bape heed Lat offiec witing
>
T OBEENG A TM e Tehple (Q R, TS, o, Taaen 5T ngeu) v

i. Q = Set up srabcs

Z. 8 = input c\p bt

®- T 2 deee alpnabet

4 %3(}‘1"'—’Q~1"*S,1_,&'§

5 Lo © @ = Ster shie

b- CLaccepr X Lrejer & P areepr & reject shates

- C,oMpv\‘O’Hun Poress @ For evey inpvt s{-ﬂ‘nﬂj a T Lidner a(uf:k_'rgjgd.; ,or loar;

Kuuan\‘xu\alo ve Bectidable
-> hwanrw\,\; WS\I‘,‘34_§ . \q,,j‘,g‘ju Cur Which Haere Exigks a TM hiew rt.z.osn:w it —ave , P every Hﬁna_»\

XEA i e TN acceprs x
x ﬁ-ﬂ- I Hhale TW ﬂd(_:.&s or Ioor: N x

= Decidoble lw\ﬂvaﬁe L aTWM M whion decides lqﬂav&\ﬂ& A€o Lvery SMnj ~,

X 6 A€ M aceepks x
X g P i€ M tjests x

Aun

A

reLognitane

decidalle

Context - Free




Ch Y . Decidabilit
Dec idable Lanavages
< \

> A E £Q
DFANFA 6, Rex, oA,  DFANFACRo, Béx,enn DEANER LR (F6, DA
Undecidoble Lanauases
J \Y
lungvc-gc, Pf'oo-F
ATM Mv\:lono\_\\’-l.ta-\-iof\
E'T\-f\ D«N % Sy
WaLT Ao & HALT
ea_,. el - tQ,,.
e A""‘" ‘l%., Evn
- \]nrgnoanh.od.lb : EM
ST B lomjv‘\b is decidapte 3€.C. and are Tfof\j nLanl-'I/fALJL.

Reduecibilit y

> To prove that alan vese B is Vndecidable:! s\how +het L3 10}

™A Ml Lx18ts por B )W\d Jie M:L L dqf\jn a :‘L(_idt_r‘hv\ Lo ATM'

. assvme el a decider

= To prove Iy o\\aﬂjijc B s vnref.oqn-'-n.ul.lv P show that Ar—m .‘;-’M B ... creave o Lomnpuieble

Cnckion (D) st . Vsl-.ﬂ'nJ X, X6 A m e Fx) e B

. wnwr-\-‘.na Bneinpur of ATM Y0 aninpt Boe .

Rulee
™ for P2’ ... iF Qs decidasl, A is also deadedle
"1C B undedidehle , B also vndecidedle
™ Cor B £ & s me a3 above PLUS

‘i€ A nov ru.o\-‘niu.bl-) B ol r'uuor\:-r_w&le_
2 6D devdable ;A decidatle
- ¢ AN dt(_\'d(.l,lc, A decidelle

dcuidulie | omj <

-



Pack 3 (,cMP\q;t,’ !\r\eorg

Cw 7. Time Lomplexity
T

Wher g LDM?\M'\\'Y -Hnt.ora".

What is Fime Wmftxity Hneory

oot 1

1.1 Mmsw'\nj C.bmp\ui-\-\',
2 Sofer, we have discussed Hhe weaieph of whetlrer of Not an algurithm exists Cor
0. cRetain praldewn (or iF ik is unsolvable)
2 Now , we ShwEr vo di\uvssin\a) Yoe resoocces thak ik Fakesko solve o ceckain (decidole)
problers — €6 how muda Hmme, enemney | edc.
* Move Lontecned wira Lompa.ﬁ«a{m.\n.,_::j decidalde prollems Hro dd‘t(wﬁl\inj the
decidobility of o probitm (winican is winat compubalility Freory wes focused on) |
i (.omp\ui\-y -W\eoc\a,'. An 'mw.s{-ijah'on o€ Hhe Hme, mewm dry, Ond otner Fesourtes
fequiced Foc sg\v:no“ wmpviotional problems .
= Rey question (of ¥is Chaphec) © How mvon Hime is Tequired 4o decide o ‘decidable
\0.1\3\:&3(,1,
= o Lomplesity Hneory we c\ass&'&j Lompututisna) problems atwrd,\'(\a Yo theic

Hene Lomplex i\ﬂ )

WWhek 15 & worsk-case

fAhO\\Ys'\S "

Whek dves " Xime” mean in Hhis

C.on\-u\-"_

Whax is “ru:xninl Heae” r]-

~ Siocawe are ditcosting decideble proboems , e will e andlyaing hele decider TMs to evelwate
Kee mep\ui\-\(_ Specifically |\ Bninke in the Lontest o€ s'm:}(.--\-o‘ee )o\e-\thiMs\-i(,
TN,
> Worsk- care analysis 1S away by evalvatre e speed 6F an a\gpritiam (cea o TM1) Where
Wt considec the \on3c5+ rw\nmj Y¥ime of al\ inpuk skimls of a tecuin k.ns\h.
> 1a Mae LPM:\\:\\, over simpli€ied 3 ke of  3TRTMs, we take “rvnninJ Yine" and We
‘amount VE e’ o TM dakes o solve & problem fo mean Pae number of syeps
Hhot the TM dates befu readiing oeet g cejeck
T akea, e numbee of dransiton Funckion moves — Teading an 'm?q‘-'wbvij arond snthe
“+age ‘\'QQA-\nahu\- vk oke.
™ So  worsk=case aalysis = Givenan A\qpritam , Gmong el inprks o tenga X, whet is e
Max ke of sheps Mae TM takes?
= The cuaning Yime jata the Hme Qm?\l\d'\-y of an o-\swi\hm ,is Hae number of steps
Mab (- kakes bo Lp\ve o probltm ie the worsk cate | a3 & fnckion of the inpob kn:\-\-\q.
D Formdd BEFN' & For o detecministic jdecider TM M tne fvnning Yime of M 154,
uoomen £1N =N, where F10) is Hae moximusn tvobee o6 $heps ot M vses on
aov ‘opvt of \ma\-\,\ 0.
*We vse n 4o represent Hhe \ma\-ln oF en input (Lanﬁ\n)
A B s e ruAninSHmc of M, we Say Yoy Y8 an £Cn) Tun‘nj Macuine”

and Prer "M rung in Bme £(n) 7



What is “‘3“ Vh’“ L Ana\\! s

What ¢ b'\a— 0 r\o\-a\-ion‘!

What iy an etample o€ o Fime

analysis of o G\\Qoi\’r\nmq

Wow do we analyve 1

= A “‘5""’ eshimake the txaer raning Hee bf an e\\-auriHnm in Order fo vnderstand the runninj
e of HaL a\aon._\_hm When it is rua On L%M
For Hne Nnn:na_h'mn— exprasion of on a\sui\-\nw\' consider m\j e hia\ns\\--ordnr e (aka
Yete withh Narguar exporuet), aod disceqocd Hae toe FREILient ¢ Hhat tecm as well 4y any
lower ordec Yerms  (bio Py ate insian'&(u«\- in ompadson).

* For , For Mo Funarton Fla) = bn' = 20"+ 200+ 1S we say that Fis
(\s\ame\—o\'ica\\n o mosk n°

> The Corma) way 4o descibe this relabionship between Hne Nnr\l'r\a Yime expeussion £(n), of

an a\%ori\hm yand itg qsw—-‘:\-n\-iu estimaXion ,

. e US— O notation For e eapression Boove is E(n) = ola?®)

set af all Nonaeaalive
> DEFPN T Lok € ana 8 be Enctions € q° N— RS (R ) pumben v )

Say et L) =D L4En)) 1 pasikive inbeqees ¢ and 0 enict sudh Haak €or
Qvery inh.ju— anzn,
Len) = cstﬂ)
“When Ela) = O Lgin)) , we say Hnak GLn) IS an Giymelokic ypper bosad For
£LV\) .
= Bast uL\\\_,s \bigq-O eshimaYion gyer yor @ vn Yime fhak i less Hhan or equal ko the
Grack un Yime 16 we act are kacsw'dil\ﬁ“hﬁaMCiLant' AEReceniug op Yo a oastaey Futor.
i e erpression Cin) = ,LO(.n) rc.?(ucn\-s wn vpper bovnd of i
For Some onstond .
= Le¥s enlyte dhe o Kme of Hhe Single- bage dexecaminiskic TOM. W\ ohith decides
Pre \e\nsw.:‘o
> = Yoniapud W
1. Scan accoss Yhe tapz and teject i®a 0Ois Pound by Hne ﬁ%\l\\' ofatl.
© Repeat it borh Os ard 1< remain on the tape b
T Wi Mae Yapge has arleetk one D and ok least tne 1) Sean avoss e
fape ,c.cossnj ofF a s‘ma\z D awrd msinal:. 1.
T AE D¢ st remain aftec all 1s have been crosscd D‘:CJM‘ i€ Ls skl\ remain

abrec o Os wrossed v6€, reject . Elee, i¢ cvun‘“lﬁnj is Lossed OFF artept.”

=S We cun dekeamine Yhe dime wmp\eﬁ\-\j ot L\a wns'\inrinﬁ ecach of its H 5“195

separately | and aMinJ the BHmes l-o%t-\-\mr.




What is ¥ae fiane tomplexity of

eavn step ?

How do we vse Xnis +o dedermine

e overo\t Kone W\"\Q\cxi-\-j of

Wh et g ke "kme templenity

clage” 1

W’“s is TIME CL) @ svlser
of  T\WMET (a?)

%\ steqe L Hne TM Scans avmss tae endire tape Yo vedfytack no Os appear a®lera 1.
RELCALL thor e heed oF « TWA by defanty b:ains ek ¥ne \eFrmost hape Sam\.ol_sn i€ q\t]"wm
inpor sh«inj S n s\im\nls "’“j Sen -daves N Sheps 4o Ao thic stan.
* hddi¥onally | repositions the head back by the Stact oF Hae tape onee i is done—
Gnother 0 Steps baken 4o do Hnis
= So Hat total yted in ¥nis steqe , For any inperstdng w where (W1=0 3¢ Ln Sheps.
US.“‘%'\"’*—\‘J\“ of asamv\'v\"\L Gnalysis laka 53— O notwtien) , We nj they staqe 1 vses
O (n) skeps (sinewe disceqocd e coefRicient 2],
1.¥ 2. 106 Mneze Sraqes, \"(_P(_Q\-QJ.\\%, Scuns awross Hae entice tape ,cmssinj
of€ L lapvt tymbols (w Demd o 1) dvdng each scan.
*Boun of hnese scans tave N sheps Csinve Wt ko reed tvony Syrebol Com e &
Yo vignt) — Av_s“OLns Skeps”
* Sine aFder eaon SLn, Pae doral § OF symbols +o read decreases k"_‘] z (b2 9er
erm3sed ofE) bne machine Brly needs bo porform dis Scan ackion sk mowt My Memes
" TheeeCore, $he Yotar bine babon by s¥aqes 1 and 3 is
n-Maz 3 e = Dlant) Sveps |
— In Mals skep, Mie madaine maker J.“\' a sinj\e Scon Yo detide whebec bo GLLepy
of FRRLY | So Mie mex Skeps kaken 15 0 ) e, OLn) steps.
S AAd vp Lah \n{a-— D end Hhen apply e "asymptotiy Ano.\\ﬂsis" Tules -
Twe runr\inj Hoe of — aka e toral Lime o€ on an Tapuvof \Ena\-\q
0 —is Fhen OLa) © DLa™)+ OLA) juvian is equal 4o 0L0*) ofter

Aisr:suddﬁj lower prdee decms.

"M 1 18 @ STDTM Hher decides & in OLN?) +ime.”

= For vy Buackion of n kin) = awe ke n, 02" nlogn e~ the Fime
GMplexity Closs TIME (ELA)) 5g e toliettion] sk of aWl \anguascs Hhat
ace decidao\e \:3 an O CkUn))-time '\'un'rsj Manine .
(presomasiy an STHTM )
TIME (E0n)) = § B| © ix dectdhedle by an OLELD) Hime STOM &
> Fomtne obove ; wWe Laow thar the languege is an
elementy of TIME (a*)
* Recavse deeidern A inBHme OlLn*) jand TWE (n?) ig Hae ser o€ e \4n3<
Phar cun bedecided in Oln®) Hme.
= The TIME (L) s naburally Form Subsers , €.q. TIMELT) S TINE () & TMEL0) & .
becavse any TM cea oty become less efficiont ... a TM Hhaat decides o lang in N sheps

(a%e OLAY Heme) cun alts deeide that |m3v~qo in N sheps iF it wants to.




lebhere o ST Tm,,a Madnioe

Whwan deci Aeg More Tﬁma?'

A R'U*“"‘\\";, Yes i e C—u\\thnj STOTM SWipws Hhat e TWwe (n \03 o)

= Thwt p”“ﬁ \amauw:‘e, Mot can be deided in oln lwa n) Hime 30 a

S'\n\as\b-\-axgt dRYecminithie TM 15 o requiac \qnauc.-lq_

— C,omp\ex'l\-:\, Qe lotisaships Amonj Computation Mpdels —

Whar is a \c,e.\:\ distinOrion
beoxween (PM{N\'&S\U\'S -\'\v\o.ona

% Lome\cxi\-n -\-\ne_a-vd?

So Bhen Vet mode\ do we
vse o clossify Lomparational

pm\a\.cms'l.

Wk is Hne reretion ship between
single - wod WIVi- faee TMS

Gn Yecme of Comprenityg ) ?

= The Aisewssion of +me Lomp\uﬁhj Wighlightt an inportant distneron berween
(,mg\:x'\\\s % Lamp\l\—kb'\\i\'n —\-\M-wr\a, :
*\a Lom‘w\—u\o;\ny teoey | Fhe Gnurin-Tudag esis Tmplics Hned ol ceasonalle
Models oF ompotaXion Foc Some \ anqvaye afe eevrwa\z.\-\ L"O) « DFNQ )?N\-)
TM and muthitope TM wkidn ol decide dhe l-nn\u.lc, R)
= However in (.DMP\C,“-\S '\"hem\a, , We see Haak Mt Onoice dF omputational windel
0oes malke a AiCFrinte — Aiffecint models (e ol +he oney weve learned
Wooor o Far) tan Nave AiEfeent Mo romplexihies for Phe same

\068\1«35 !
" Foc ex, 6 single-doge TM deeides Hhe \angueqe (Fom example)
i 0La%) be armost Ol \vavﬂ time . BuX « -l-wo-{-afc'TM
(see ‘ecrbook 3 13\) deddes & e Dln) Hime.
The tomplexiby of A degends pn Phe wodel oF comptation Selecied..
= Thedime rgelo:"tmu\\-s don't at_\'vﬁ\\\j AiCEer l;arﬁc{(nﬂ'\'\j Coc -\npi ea

derecminishi L cnodels . i.e.

) your AassiEleativg saskm iand Vcna sonsitive bo

".\@\:\MVS Sall Lffecontey in Lomplxity.
* TheeCore , we Lan tonkinve to vse Vne sh\a\c tupe delerministic TwA
05 bor " fFormeal wodel” used Yo clo\ssicj c\\a.c\auo\jn'g Heoe va\exi-\-\\]_
O Tl Leb E0n) be & Punerion (Wwheee £00) = 0 ) ¥ak descdlbes Me wnainy kit
L1 «w\\—i\-«eb‘\'\)rins Matnine M, (ako, My i a  Fn)-Hme T.M.)
(—_vm(\ ELnd - ¥me molkitape TM M 4 can be wonverted Yo an equivalent single
Yape Todng Motioe My nioh will barce o mosk (£013)" Shegs * s, g
equvalent £ 0n) ~Hime STTML
*Poof is bnsh.q\\\ﬁ Yhar Eor every Step Me En)-4ime MIDTM tales Hhe STISTM will use
b MDSE L) sheps ko reqlicale Hoe acions oF Hack single step of the MTBTM,
Sicre Hne MTDTRA taves ab mosk ELn) Skeps bo mprke Gnd Fne STTM uses o
mist kL) svees For eath of Hinge steps, the STOTM therefore will hove « B.'J_D

wakime p& Tln) “ ELw) = tZn) Maximum sh,‘u_



\l\\\l\&\- s e vrelaxt onship hehweon
deernintstic ¥ nondekerminialic

TM¢ Cre mm?\g,;\'\-\-J) 1

Wik do we Canow oot
e Hme LDN‘)\I*H-VS of

Y\vﬂ(e:\q\ar \andu n.jb& 7

W\ copot r:so\m \m\j:a:y,s’]

Why i< Hinis
e cate

S Tl Leb bln) be o Eunexion, wner £ 2 N Then For every single ~tage
nondelerminig e \"wma Macnine of  £in) ~Hme ,Paece exists on equivalent
2.0 U:L“jz time dererministhio 'T\\n'nj WMathine
= \L'-n '\‘ﬂ\(-e—ﬂw“‘f sbout eodel relakonghips:
*Tcee is o most o Squoare (oe "pb\\av\om?ou") AitCecente between the Hme
omplexihy of & problom Measoreadk on o STRTM VEF3us o MTRTM
* There 18 o MOSE an exponential AEfernie betwern the Hme w"“f\‘-*"'\'\j

of & problem Measoredd on & deverministic vergus nondAtecministic STTM.

¢

= Thwa: (€

is a nbnr‘csv\ﬁr \q-l\jvqu, then

for a-lj
[

Sva\\ =0 2 “lestHhan”

* This loo.s'\l-b-\\j Mmeans Pnek e raning=time Cor &\ nencegulac Jengpages
tan nevee e lesgeaan o \oj " ')-\-\n.\-'.s Bne \owest possibig nmnh:j
Fime .

*NOTL * Foe any positive integer X, K & X log » « P R

= Bn fnis theorem we can Paen tee Hhot sinte e lcmqujo

is "“’""‘Q“““J Thece does pot exist an OCO) -+ime
decider Coc ik (since N 2 A ij\)
e Thm' \g

tome VM in DLA) - e !

is a (‘eﬁv\or “"3""’3%“"“‘ can a\wmls be golved )mj

ale | CBTEETINETA)
>1Ca \anguage is resu\a.r_‘%'r\ means there axisks @ DFA whion fewogrins i (REALL ant 1)
& T\)r‘u\l Madatee can eatily decide & vegitar lany by simply im'r\-a*'il\:‘(m\\fnj the DFA
WW U nujm-u.r. W — ik {ost does ewna-\,.i-j e DFEA does
* Sine the DEA Yakec exachiy 1 shep vpon cach inpvt sym\ it reads | it fele Hhe DFA
"o oSt ™ 0 Steps to ompute vpon an inQUt 0f \engia N .

.akg Oln) Hee!

" DA ginte Bne TM Smibores e DFA i+ also compites 1a OCr) Hme .

Welehh model o€ computation dowe vse?

CLPRAFY: Why dxent it mattee
whWidn model We vie Yo c,\t«$\'\c3

e complexity of proldems

= We &us\— Aiscwsced how the same \uﬂa\lﬂjt can be decided by an D(0*)-Fme
SIM | g DLn)-+ime PATBTM | oc @ven an OLN)-Kme, Pyton Funcrion
* These geem G \‘{uk K\Wnnu-s in Kime Lonplexity .. vy o'y ik matrer T
= ANS: Qecavse For $ne eurposes of a -\-\nc.ory Lose, WE Lan prety rveln jus Vitw all
polynomial NM\;ﬂj Eioes ay equivalent €-g.
OCn) 2 DLa™) 2 O (a*) =...




“\‘\\S dv  we teeak al) eu\\y\oﬂ\ln\s

= Sevecad feasons ¢
05 L aleat 1 3. Avy = polynomial Funerion 15 VW evinivany 30‘“ vo be staaller Fhun o funetion
where 0 g tig “““““‘"; even Hae \eu-x.b\.- pnl“wom\‘o.\s:

aae

oY n
a >nv_‘gu~|— n“ﬂ‘tz.‘-?)

ol T'rta\'ina polynomials s equivalent clsws us to be QGnus-\"u, Yo Mc mode &
don't Mewe Yo care Yoo much cbovk Fhe Aetoils | can work with whithever

node\ \Qw wanY Ple vk woarcied ooy (‘.DM‘J\«Hj diherenies.
\

20

. aaa
0 proukice, We carcly Sec run¥ime @D\nhnmia\s 68 ‘o\o as n

ﬂﬂ\‘jw a:] coe

Peobltnns deci dabll i p‘b\nr\omia\ ¥ime arc a\mdsy o\w :.3; Solvalle in veal ¥ime

(eva by & Wmaa \u,inQ mu\ua.\\\p anywes .
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Cn 7% TVime Lomplexidy
T

What ig o ?o\\ﬁnvm'\c\ 7

WWhek is «n zx‘mnu\\'"\a\ 2
S0

\Wak is Bne AiCCerente bohween

e fwol

Whet 15 Hae elass P07

\""“3 is ¥e class © important

Yo LDMQ\I—x'\-\'ﬁ -\Mm:r.%, 'l

How Ao we snow ek an

Q.\SO\'“'V\M is anelement ot P 7

1.2: The Class P

= R numker where N is the base and ¥ne taponeat iS come washant, e.g.
n, n* n" 3\«\7" 5a3 ,eve.
PN number Where 1 s Hee @3 ponent seq 1%, lou‘j, 37 ete .
2 1n nis class)sobject —4ne Gierd of cpm?\uwj— smal di€Cerenies in run kime dow't
marrec (€9, o runtime o€ QLo togn) vs. O(n*d vas. OLn) vis. OCn3) eke)
* The ""l‘j diClertnie Wt (oce abodt ig \»\\anm:o.\ v.s. exponentian
i ?hl\ﬂn omial run¥imes equate tv pellems Wil coold e deemtd “u.\vl", T gmall’,
“K"A‘\"') YYcackaoe”, exe .
* On fne Ohner \nw\a\) exponential runtimes equate ¥y prodlems dvetmed “\th—"_‘ "lmro\"J
“siow' Y, Vinackoble
= For more 06 oot u\ﬂj we doa'h J.is-hnao'\g\n bewveen AEE polnnmis\s)sze, Notes prev: cn
L?‘j 41-52) , o textlook 9 234" 2306
= A sex o€ \Ql\ju a3o< (RECALL defn oF o cless”™) ‘“ﬁm&\n,"'hf- class of Wy lnnJvn:]u
Wnitnace decidable on & Single-tape dgyecminishe M. in polynomial +Hme .
P= L LU is deczdavie by & polynomial —¥ime STOTM T
= Femengp 0 P = | TIME (n®)
* aka, the Volon c@K{—hg sevs o ,
' K s a\oouad\ess conctost) placehotder For o since Teornically "n®" it a polynomial.
% Tne cements (oke problems [“languages™ in P are invardant For all models of
Lompatation oo are pul\snwﬁa“\s equivelent Yo e STDTM
* Tnis inovaes WD Ty, neqular TM, MTYM | an oF 4he otner Models We've
leacoead go Fac, and aven the ! Pﬁ"-hbn mode)” ! a.a. Hne Speed. ot o problem
eovld be Solved &;3 o ?‘\T\‘\-\m- code function.
e rwa\«\n torcesponds ko the cluss of problums that-are rz_u\‘l.s-\-'lm\\j soWable
oY G comMmpuier,
-To analyze on algeitim to Show Haek it TUNS Tn ""“J"""‘""“ Fene have do do Severan -\h\‘m\sls:
% Descrloe bae clgpritm Wibn nuebred “stagest (ke Wew been dsing; see Ex of
on 93‘1“)
E Give o eolynomia) upper bound Lusvelly in big-O notation) on the Aumber of
SHRA Hrak-tne elgpritivm Usts WHON (Un b an input o€ \ena\b\ n.

%, d
Examine Wne individuol stoges inthe dexigtion Yo ensore Hhak ¢autn can ke implempated in

E\énm‘a\ Hme on a (easpnable deterministiec Model,



Waak s on example of a

Poblem in Mne class e?

Whak i e dicecred arapnl

How is o direcked 3\'-«9\-\ “encoded”

(For 0 comporte to interper W) 7

Whal wolld be an exponential -kme

A\joﬁ Yo foc 7

What s o bervec, Po\j'\ow\—\ a\ ~Hime

o\ 35-& Mawn Cor '].

= The PNTH pm‘o\cm " Yo determine whneMner a diretked Poth exists \oetwveen A nodes on

o Aicesred 3«.9\“ \n otnec v ords |

= Thmm: ee.
™ dara shrverure (RECALL COMP 21D ImFas) detined bﬂ yecxices (ave nodas) and

gd‘%g ywhere Hae u\a&u ace direcked, Specifically , & Airecked graphis a peir
of SeXs

,whece

1S ¥he sel 6C vervites Coc ex

18 e set ofF ngs,uhurz eadn element o€

iS o paic pC verkices depiu\-inj
Mo var & endpoin\- o€ ting, e,J«:f.

2 And a path isa sequente of vecdites ¥k you can mave by {Lal\uufnaM diceded

eAaf,s ane Witwooy (e_‘:g_o\-inl) Vickies .
= Foc ex, greagn Con be dasenloed
by Ynis d,iaamm:

> Rs an o.&:‘au‘.nr.j odrix ¢ Go aray whery 2

: Y:venﬁ en-\—rj Ci,q3 is W on &u\%(,-‘:m + | exists jand O i€ ok,
* For ectumpie, tovld Le vepresented as

, Waidn woold look like dhnig:

2 The broke - foce Searewn of an.w\ir\ins L) shnjlu pathio O and
;\g,\uminrns € Y 14 6 dircied padn Fom Sh
* This metnod Would \aelp us prove ¥nay

is deddable buy dorsnt provednat
W can be solved ia pp\nhom'm\ *ine .

= To employ & ampb\—wrdf\inj methrod, sucha a3 breaddia - Fiest seacda, Basically,

\e¥Fs devise an h\aoﬁ'\'\l\\-\ Maak  Stacts ok Verkice cnd Su Lu_ssi\lb\\jnMMk.; al\ nodes
n wWhion are feadnsdolr £om \n-a a paka \m:‘u,‘ of 1 ,then 2, then 3 jand §.
on vaM | -~ Yne # of nodss 0 Msrq?h B Hne Maxdmven possible P“\'\""'“a‘\""-

Then | wie ok dneck Yo see W L \IAY madleed




Foronol definition of Hne

a\ :30 (Hc\l\Mq.

WWat (¢ Aine Fime anaysis Ror

Haie a\aowih\m'z

Frow Ao we \now Maak His

0\\4\ (vas in pD\\jﬂbM\‘Q,\ Hme?

Whek is another example of

oo element: of P7

=Ly M= “Dnin?u» Whece is o Adrecked 3{1?\,\ Wit Npdes
and
1. Puae & Mack on node
1. Legeat ankl no addivional apdes are Mmacked,
5. Scan al e u\%zs o€ 6 .\Can “\i\" (o ,0) s Found Sb;nﬁ Caom
awarked nodt 'a’ YO 0n snmoskad node 'l | Mark node bo.
A \¢ \was been matbecj) a.cLept. i\se_, \—e\"a.u\—. 'l
- 5(‘4\30. 1 onln exewted onee ; OC1) dime
= Stage 2/3: eachh Hme Wb staqe 2 is pecCocmech ;1% nafks oCF ot \eott one
additionat node in G Lexateer Cor i (ask Wime, av wiicn point Hhe alquatiom
Mmows oato stage 4). Sicee & qrapn © has o nodes o steqe 3 muskron
o NAXINUM oF wmes, O () Lime,viece wm' s fougiiy tes Mo or equan
fo the sine oF e input.
—‘S‘\"’t’f' e oMY Lxewted ONLE.
- Oveculy, this O\\SD('A-\I\M Mhen vees adekal number of oF met Ltlr™ &*‘w:lf-s,
Wiieln ejves o\po\ﬁ\omw\ ok 8 e e eie oF G, Heace, M is & ‘»Innumia\
Hee A\ gorithm Cor
= fn o\ﬁbd—\'\l\v—\ ek dcdecmines whelher on '\l\\tﬂs\' i¢ an element oF o zerddin nrrqj

(Thin Lbdif\3'-\€\"-\ sike o Jewea or ?\3-\-\r\u\ ar(mj), e.a.

* The roq\ntr\a—ﬁmc of v Oln) ——;\\lslr Scan the mrqa,.
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Cw 7. Time Lomplexity
T

Do we c.\wavss Crow wWhetnye
an &\3m—i\'\m~l\ \$ solveble in

90\3 nomial Ame

Anotke examele

Waer 18 o WNamitkonian gadnt
Whak do Mnese 2 probiems (A,

bk PAMPATH) have i comon]

What dws ¥ mean \-ol‘v&riF‘S"

o problem?

A% The Class NP

> No' For exame\t , ¥ne a\-aeri\'\mv\ Yo detecmine Whetvee an ot or«:j Lontains

o sulbsedr WA can UM Yo o tectain Number , G o

* We n L&S'\\s devise o brote - Cocee ﬂ\:)o\'\‘\'\lﬂ“\ o tolve tnig kmau aqe —faoc
eveey pusible Subsex, svn the numlecs ¥ Uneee i€ tquals b — Lot Hais would
not \se Fe\vy\nwx‘\n\.. v Wodld Wiave Ol n <2™) Aene .
: “0‘4»0&\3 Vonows whelher fhis problem is € P //sn\vq\o\z.'-n F"\ﬁ"""“‘ o\ Kime .
= A notoble example ot a problem whose \:n\\y\bnia\v-\—im a\aor\\-hm az j!i\' 4o be

discovered is

> A dicedked paththat passes %mujb\ eatn nodefvertice LXG&\S once. For example,

Twe re&hiav\\i:)\nh& Wamiltonian pa¥r fom & fo b.
-> Thuj Seem impossible ko Solve in Palynomial Lime - mayor l—w_\j are? But
We nasw' e \'c\- \oten peoven

- T\nut) are MO Bz Yo devise o Aon-brutre - Focce ‘A\:]hl"'l\'\"lv‘\ For,

= Ttou g we cun’s prove fe absolute “hacdness”  of tuch problems Laka we wa't

prove Baed HRMERTH €& P ot we alse Can't ddlzn:\-'.«.\n prove Haok HRNMERTH & FY),
wWeo an prove stakements woouk Mnu  relakive Ai@('-;w\\.\’ of problems
laka reductons! Like in G2 )

YA 2R A redoms e B R Als akmost 6t hacd as &

T A Mt problem s I,\Q(A!mgﬂ ,then Hhis prolem MV elso be \nacd [eﬁsj"
= Mo - svun prblems ace dIERIEIY Fs Solve | bk casy ko verify.
= For o S'Wc.r\ problem | \E someone provides & specifie element that \’V!(.j laim
is in Mk peolelem tanguage, 'vu\f—ncn:]' is bc\r\3 able ko D‘-'-'\"(M;Nd\lj
ONAVAL wharer or not thal  claim is beve .
- E,as'u.o\\v}('- Vﬂaﬂa;%\e exishente of & lnamilkonian et is muda gusiee thaa
detetmining W exiskeace.
= This propecty IS very widespread |Lommon among pobems notin P (like )

and i4 calned ‘:o\\jnomia\ v'-f'\C'm\o'\\i\-y.




Whav \s Feljnaw\'\ a\

vesi B iy 7

P ce e\l em\dpms pn\w\smm\\\’

veriGi ot T

]
Waar is o veriGiec

What w

8

Whwat "2

6 Ve

How do wWe measvue Hhe Yime
of o veriCler since itg input

et ) oxd rﬁs".

How does Hne madnice V

work. 7

>N Ceature of o Pm\o\c‘m where ¥ Can Vcr\cj wheller @ cechaio o\o&r_d

it anelewmony of i} in po\\ﬁv\om‘\o\.\ Reoe, .
= No ! For example, Hre tomplement of Hne HWAMPATH poblem,

* The Dn\\3 ey ‘e vcri@n Mot o 3rqf\'\ doesn'e Contain some specific
homilkonian Path g L eAnavikively cncel eveey possible patln | whien , as
W ve a\ruA\j ditcoseed, WN'T be Aone \mso. ful\anomio.\-—-\-:mg u\:\p\—'\H,mA.
> BEFENT A verilec Cora \unguage A i on o\abﬁ.\.\,\m (aka aT\ldl\j
Macnine ) V where
A= §w \ Thece existks a s-\-rinj v (poss'\\u\j dependent oa w)
stV accepts 2w, 5. %
-2 W is a Ls\-rinj) inpvkr ia Wne form of thhe input Mnat e or‘ij'\na\ \anguaqe
A taves

= 0 s Mae adAiHona iaPocmation Prek e veriiec vses ro w.rﬂ'-j whetWnee

s—\-rinj W is e member of R called $ne " CeetiCicote, ]anF" (o€ metvtership
in A)
N Soally, ¢ fakes e form 6F o "proposed solvtion”, Foc example, if vr_rﬂafnj ok
a fotin is o \nam. patin, , Would be & string encoding of a speci€ic goagh path .
D RELRLL bwar e "' in OLn) refees bo bne \gna\-u of Hae inpot sh-'mj
- We meature iy on\\:) i Y a5 of Fhe lengta of W Lnot 0D,
R golynomial = time VR en cons in polynomial dime in Hae lenatha of w .
* For puhy\em'm\ \eaiCiecs; Yhe cerdCicate inherently hay polynomia) lu\j\'\l\
(intwe \enaia of W, eeavte Phak is el faak Mae ViciGiee an aelessin ity

Y e bound.

2 \eri Gecs vsvally arent duper derer

= Lekls ooy aX an example of maLing o veriGiee foc o Nelp ondeesinnd :

D) 5peciCy Hne ceckiBiente L 1 \o Wiis case, Pe ingut fur Mot cerbificare depends

on Mae deloils o€ Hae input graph (K€, sovr con Write Fas a Funckion oF e 3,,.‘,»\-
Z & $pecific Hamitronian path Lom s ¥ Ci.e. & list o€
VR s Whidh 1§ What a Vot is.
2) The input o a verifiee (s boka the @) origing input ko the probiem A and b) Hne
ceckiGicare

W
on input

1. Lece thak

is a hamitonian peth Fom < to

1.\¢ so, accept. Else, r‘glu.\-.



What 15 bhe crase N 7?

Whek is Hae \"t\u\-iuns\ni? bekween

?_‘ and !_\\_?q

ls P =NP7

el is the alkecnative definition

of Ne 7

RECALL: How do

nondekecministic TMs operate

How s fhe (‘uf\ﬂ"ﬂ:\ birne Cor

ae NTM  colzulatred ?

=> S?m‘\qr\\ﬁ , e certiCicate For aveciCier Eoc
WoUlA just be sene svloset o 6. The vertCior Sirply adds uptine
nvendL g Yo see i€ Yey somds b
DOOEFRT® NP = § A | There exisks o polynomial —¥ime verifier for AR
* NP is fhe dass of all \anquagee [orololems Hnat have veatiers Yhat run in F"Q“W‘i“'\ Hime .
- Fack: P we joW\ probems in € ace also in NP
. \nws’l, Qecovse vcri@nina & easien~ Hhan Solvii‘:\- D‘“l’) polynomial “ticne decider
oF a probrem avkomodeally yields o veriCier. This vedfier doesnt en need a
Cer Vi€i cate — it can VSt run Hne decider madnine on kg iopur
> No vae Knows ! Wehaven's Y&k discoverd & pollum whidh i3 in NP bur de&'-:mHu\j
nor in P (Qeeane pobems \ike acert dispaven ¥» be in P an s\gocithm
\Sos* hean't et Found yetr.
= We dondt know if vsing & Nondeeministic TM dckuelly gives us more omputing

power | a\lows 0% Yo solve wmoce .
- That KA \Anauo«aa. s ia NC iC & on\?f i€k is decided b\‘) gome ppljnomfa\—-(—im

nondckerministic TUI\'Aj Madnine .

*N.2 = Nonderecminishic Po\\anomi«\ ~+ime
2 Basically | any  polynomia ~kie, verifice tan be Lonverted +o
= A nondcrecministie TM opercles like o (‘ejv\qr TM, exzept thex or any
Poink i s temPutadion | the TM cun branewn oBE inkp severel possiloilivies
oF vasWiek +o &w next .
* Noeman TM bransition fonckion Versds
NTM Yunsition fonerion: 2 )
* Pia NTM 3¢ o decider € al of iHS compubativn branehice halk bn all fopus.
* N decidec NTM accephs if (a¢ svom as o least L braneh aceeprs on 4
a\vnn inQvYX.
> DEENT The rvnning Home oF an NTM N is fne Bockion £ N —3 N jwhere

£La) s Yhe mMaxiowm avonkee of gees thal N uses on any branch of

iks wmpvkation on a0y inpuk of of lcr\al—l/\ n.
T Basically e tunaing He = Hee Lenghn oF Hne lvnje.s+ branch,



WWat is an example of &

W‘i\‘ rime NTMT

Fow Ao e \Crow o

<oas \n Qo\\sf yime?

Houw are Hhese L delinikions

of NP equivalent 1

RELAP of What these wnahines

ore mennt Yo be d;oins".

= RECALL: The goal oF o TM Hal decides & \ona\:eﬂb

> RECALL: dne 300.\ 0¥ o veriGier

= We can Vse &an NYM ther decides

% fun o diene analycic +o show
ax it rons in polynowial Yime, Yhvs Proving Thar
- -\

e NP :
On npvt

’w\m_rc

1L a Adirected T—a?\" Wit~ Nodes S and

1. Neze an arran P ee \u\ﬂ-\-\,\ (where isthe # 0F verfees in the

gcaph) whece eaon s one of dhe vecHices ;n\-w_\j“f\n_

*When aﬂxn&t:\) Aements Lo ¥ne eray nondo\-ugteid-iml\a seleck one
o (1,23 ... ™) 40 be Mae next qum. in Mae List

*So \Dﬂtib'«\\j , W ace nonAb\-crm?niS‘\’iLn“\j 9oing Yo create °W°;‘ﬁ \\'sh)
WY eatn brench of the NTM Following one List.

2 Chec whethner the Lisk reprdents o ham. peth From Yo ~ Specifically

* Ol 1€ there ace Omn repetitiony in e list

* olhee Whetnee = and e

¢ C\iect Whether gn Léﬂb exists bt ween gm_nj wode in the VSt & dne nodex
Yo s rlSlN\- @ et
= \¢€ Vs o \am- potw, h E\‘N_‘

= The \:4,3 Yo :.hu_\g__\'ngs HAX-N given %m?\n ton Fains a Namilvonian path is 'ﬂs‘r\'nj vaﬁ

possible pavh — and Wnere are « tot whien 3¢ \,\\A\j cannpt oo decided

in po\\jnpmim\—-\‘?mb hj mm\\s & SYQTM,

Wik a0 NTM we tan howve eac branch kegt one path . The Longesk it can hie

Cue a Lrenew Yo r»mpu\-e. is

1 Scan Wis} For ceqaiitions ¥ rejedk any Found . 1 Skeps

Z- Lol i€ e lisk sharts with § & endg Wibtn |- Steps

5 thecw Lo Adicectid ‘ATS L v Shepg

:I S-\-e_P s

= Since P r\;nnkn%t-imr_ oF an NTM i¢ 3;\,"\ 5‘3 ibg lbnﬂcs-\- braneh we now

wnay s in OC3mw) AT 0Ln) Bme!

> The ewoF Hatr £ Al3a Pely - Fime veriCier Lor A% and S AR S decidable bj

6 Poly~*ime NTMY e k:)nlh\\\j Hhe Same seb Lava NPL) ¢ given hj shnwn’t\a'“na\-

ony veciFier can be tonwvected ko an Lquivalent Pbl:]—Hmc_ NTM, and vite virsal,

* have ¥o prove both difeetisns of this Sratement
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